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ABSTRACT

In this dissertation, I develop methods for Bayesian inference in dynamic dis-
crete choice models (DDCMs.) Chapter 1 proposes a reliable method for Bayesian
estimation of DDCMs with serially correlated unobserved state variables. Inference
in these models involves computing high-dimensional integrals that are present in the
solution to the dynamic program (DP) and in the likelihood function. First, the chap-
ter shows that Markov chain Monte Carlo (MCMC) methods can handle the problem
of multidimensional integration in the likelihood, which was previously considered
infeasible for DDCMs with serially correlated unobservables. Second, the chapter
presents an efficient algorithm for solving the DP suitable for use in conjunction with
the MCMC estimation procedure. The algorithm utilizing random grids and nearest
neighbor approximations iterates the Bellman equation only once for each parame-
ter draw. The chapter evaluates the method’s performance on two different DDCMs
using real and artificial datasets. The experiments demonstrate that ignoring serial
correlation in unobservables of DDCMs can lead to serious misspecification errors.
Experiments on dynamic multinomial logit models, for which analytical integration
is also possible, show that the estimation accuracy of the proposed method is good.

Chapter 2 presents a proof of the complete (and thus a.s.) uniform convergence
of the DP solution approximations proposed in Chapter 1 to the true values under
mild assumptions on the primitives of DDCMs. It also establishes the complete

convergence of the corresponding approximated posterior expectations.
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Chapter 3 proposes a method for inference in DDCMs that combines MCMC
and artificial neural networks (ANN.) MCMC is intended to handle high dimensional
integration in the likelihood function of richly specified DDCMs. ANNs approximate
the DP solution as a function of the parameters and state variables beforehand of
the estimation procedure to reduce the computational burden. Potential applications
of the proposed methodology include inference in DDCMs with random coefficients,
serially correlated unbservables, and dependent observations. The chapter discusses
MCMC estimation of DDCMs, provides relevant background on ANNs, and derives
a theoretical justification of the method. Experiments suggest that application of

ANNSs in the MCMC estimation of DDCMs is a promising approach.
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ABSTRACT

In this dissertation, I develop methods for Bayesian inference in dynamic dis-
crete choice models (DDCMs.) Chapter 1 proposes a reliable method for Bayesian
estimation of DDCMs with serially correlated unobserved state variables. Inference
in these models involves computing high-dimensional integrals that are present in the
solution to the dynamic program (DP) and in the likelihood function. First, the chap-
ter shows that Markov chain Monte Carlo (MCMC) methods can handle the problem
of multidimensional integration in the likelihood, which was previously considered
infeasible for DDCMs with serially correlated unobservables. Second, the chapter
presents an efficient algorithm for solving the DP suitable for use in conjunction with
the MCMC estimation procedure. The algorithm utilizing random grids and nearest
neighbor approximations iterates the Bellman equation only once for each parame-
ter draw. The chapter evaluates the method’s performance on two different DDCMs
using real and artificial datasets. The experiments demonstrate that ignoring serial
correlation in unobservables of DDCMs can lead to serious misspecification errors.
Experiments on dynamic multinomial logit models, for which analytical integration
is also possible, show that the estimation accuracy of the proposed method is good.

Chapter 2 presents a proof of the complete (and thus a.s.) uniform convergence
of the DP solution approximations proposed in Chapter 1 to the true values under
mild assumptions on the primitives of DDCMs. It also establishes the complete

convergence of the corresponding approximated posterior expectations.
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Chapter 3 proposes a method for inference in DDCMs that combines MCMC
and artificial neural networks (ANN.) MCMC is intended to handle high dimensional
integration in the likelihood function of richly specified DDCMs. ANNs approximate
the DP solution as a function of the parameters and state variables beforehand of
the estimation procedure to reduce the computational burden. Potential applications
of the proposed methodology include inference in DDCMs with random coefficients,
serially correlated unbservables, and dependent observations. The chapter discusses
MCMC estimation of DDCMs, provides relevant background on ANNs, and derives
a theoretical justification of the method. Experiments suggest that application of

ANNSs in the MCMC estimation of DDCMs is a promising approach.
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CHAPTER 1
INFERENCE IN DYNAMIC DISCRETE CHOICE MODELS WITH
SERTIALLY CORRELATED UNOBSERVED STATE VARIABLES

1.1 Introduction

Dynamic discrete choice models (DDCMs) describe the behavior of a forward-
looking economic agent who chooses between several available alternatives repeatedly
over time. Estimation of the deep structural parameters of such decision problem is
a theoretically appealing and promising area in empirical economics. In contrast to
conventional statistical modeling of discrete data, it does not fall under the Lucas
critique and often produces better behavior forecasts. Structural estimation of dy-
namic models though, is very complex computationally. This fact substantially limits
the ability of estimable models to capture essential features of the real world. One
such important feature that had mainly to be assumed away in the literature is the
presence of serial correlation in unobserved state variables. Although introducing se-
rial dependence in modelled productivity, health status, or taste idiosyncrasies would
improve the credibility of obtained quantitative results, general feasible estimation
methods for dealing with serially correlated unobservables in dynamic discrete choice
models are yet to be developed, according to Rust (1994). This chapter attempts to
develop such a feasible general method.

Advances in simulation methods and computing speed over the last two decades
made the Bayesian approach to statistical inference practical. Bayesian methods are

now applied to many problems in statistics and econometrics that could not be tack-

www.manaraa.com



led by the classical approach. Static discrete choice models, and more generally,
models with latent variables, are one of those areas where the Bayesian approach was
extremely fruitful, see for example McCulloch and Rossi (1994) and Geweke et al.
(1994). In these models, the likelihood function is often an intractable integral over
the latent variables. In Bayesian inference, the posterior distribution of the model
parameters is usually explored by simulating a sequence of parameter draws that rep-
resents the posterior distribution. A simulation technique called the Gibbs sampler
is particularly convenient for exploring posterior distributions in models with latent
variables. This sampler simulates the parameters conditional on the data and the
latent variables, and then simulates the latent variables conditional on the data and
the parameters. The resulting sequence of the simulated parameters and latent vari-
ables is a Markov chain with the stationary distribution equal to the joint posterior
distribution of the parameters and the latent variables. Thus, the high-dimensional
integration required at each step of classical likelihood maximization can be replaced
with sequential simulation from low-dimensional distributions in the Bayesian ap-
proach. In DDCMs, the likelihood function is an integral over the unobserved state
variables. If the unobserved state variables are serially correlated, computing this in-
tegral is generally infeasible. Standard tools of Bayesian inference—the Gibbs sampler
and the Metropolis-Hastings algorithm—are employed in this chapter to successfully
handle this issue.

One of the main obstacles for Bayesian estimation of dynamic discrete choice

models is the computational burden of solving the dynamic program at each iteration
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of the estimation procedure. Imai et al. (2005) were the first to attack this prob-
lem and consider application of Bayesian methods for estimation of dynamic discrete
choice models with iid unobserved state variables. Their method uses a Markov chain
Monte Carlo (MCMC) algorithm that solves the DP and estimates the parameters
at the same time. The Bellman equation is iterated only once for each draw of the
parameters. To obtain the approximations of the expected value functions for the
current MCMC draw of the parameters, the authors use kernel smoothing over the
approximations of the value functions from the previous MCMC iterations. The au-
thors also provide a proof that for discrete observed state variables and deterministic
observed state transitions their approximations of the value functions converge in
probability to the true values.

This chapter extends the work of Imai et al. (2005) in several dimensions. First,
it introduces a different parameterization of the Gibbs sampler and Metropolis-within-
Gibbs steps to account for the effect of change in parameters on the expected value
functions. Second, it allows for serial correlation in unobservables. Third, instead
of kernel smoothing it uses nearest neighbors from previously generated parameter
draws for approximating the expected value functions for the current parameter draw.
The complete (and thus a.s., see Hsu and Robbins (1947)) uniform convergence of
these nearest neighbor approximations is established for a more general model setup:
a compact state space, random state transitions and less restrictive assumptions on
the Gibbs sampler transition density. In addition to the wider theoretical applica-

bility of this proposed DP solution method, there might be a substantial practical
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advantage since kernel smoothing does not work well in many dimensions: e.g., Scott
(1992), pp. 189-190, shows that the nearest neighbor algorithm outperforms the usual
kernel smoothing method in density estimation for Gaussian data if the number of
dimensions exceeds four.

The proposed Gibbs sampler estimation procedure uses the approximations
described above instead of the actual DP solutions. How this might affect infer-
ence results is an important issue. In Bayesian analysis, most inference exercises
involve computing posterior expectations of some functions. For example, the poste-
rior mean and the posterior standard deviation of a parameter can be expressed in
terms of posterior expectations. Moreover, the answers to the policy questions that
DDCMs address also take this form. Using the uniform complete convergence of the
approximations of the expected value functions, I prove the complete convergence of
the approximated posterior expectations under weak assumptions on a kernel of the
joint posterior distribution of the parameters and the latent variables in the Gibbs
sampler.

The estimation method is experimentally evaluated on two different DDCMs:
the Rust (1987) binary choice model of optimal bus engine replacement and the
Gilleskie (1998) model of medical care use and work absence. Serially correlated unob-
served state variables are introduced into these models instead of the original extreme
value iid unobservables. Model simplicity and availability of the datal make Rust’s

model very attractive for computational experiments. Experiments on Gilleskie’s

'http://gemini.econ.umd.edu/jrust /nfxp.html
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model in turn show that the method works when the number of alternatives exceeds
two.

Estimation experiments presented in the chapter are meant to demonstrate the
utility of the proposed method. Experiments on data from Rust (1987) confirm Rust’s
conclusion of weak evidence of the presence of serial correlation in unobservables
for his model and dataset. However, experiments on artificial data show that the
estimated choice probabilities implied by a dynamic logit model and a model with
serially correlated unobservables can behave quite differently. More generally, the
experiments demonstrate that ignoring serial correlation in unobservables of DDCMs
can lead to serious misspecification errors.

The proposed theoretical framework is flexible and leaves room for experi-
mentation. Experiments with the algorithm for solving the DP led to a discovery
of modifications that provided increases in speed and precision beyond those antici-
pated directly by the theory. First, iterating the Bellman equation on several smaller
random grids and combining the results turns out to be a very efficient alternative to
iterating the Bellman equation on one larger random grid. Second, the approxima-
tion error for a difference of expected value functions is considerably smaller than the
error for an expected value function by itself (this can be taken into account in the
construction of the Gibbs sampler.) Finally, iterating the Bellman equation several
times for each parameter draw, using the Gauss-Seidel method and a direct search
procedure, also produces significant performance improvement.

A verification of the algorithm implementation is provided in the chapter. For
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example, to assess the accuracy of the proposed DP solving algorithm I apply it to a
dynamic multinomial logit model, in which unobservables are extreme value iid and
the exact DP solution can be quickly computed. The design and implementation of
the posterior, prior, and data simulators are checked by joint distribution tests (see
Geweke (2004).) Multiple posterior simulator runs are used to check the convergence
of the MCMC estimation procedure. The proposed estimation algorithm can be
applied to dynamic multinomial logit models, for which an exact algorithm is also
available. A comparison of the estimation results for the proposed algorithm and the
exact algorithm suggests that the estimation accuracy is excellent.

Section 1.2 of the chapter sets up a general dynamic discrete choice model,
constructs its likelihood function, and outlines classical and Bayesian estimation pro-
cedures. The algorithm for solving the DP and corresponding convergence results are
presented in Section 1.3. Section 1.4 states the convergence result for the approxi-
mated posterior expectations. The proofs are given in Chapter 2. The models used in
experiments are described in Section 1.5. This section also provides a verification of
the method and implementation details. The last section concludes with a summary

of findings and directions for future work.

1.2 Setup and estimation of DDCMs
Eckstein and Wolpin (1989) and Rust (1994) survey the literature on the classi-
cal estimation of dynamic discrete choice models. Below, I briefly introduce a general

model setup and emphasize possible advantages of the Bayesian approach to the esti-
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mation of these models, especially in treating the time dependence in unobservables.

Dynamic discrete choice models describe the behavior of an optimizing forward-
looking economic agent who chooses between several available alternatives repeatedly
over time taking into account her expectations about unknown future developments
and her optimal future choices. Each period ¢ the agent chooses an alternative d;
from a finite set of available alternatives D(s;). The per-period utility u(s, d;;0)
depends on the chosen alternative, current state variables s; € S, and a vector of pa-
rameters § € O that we want to estimate. The state variables are assumed to evolve
according to a controlled first order Markov process with a transition law denoted by
f(Se11]8e,dyi; 0) for £ > 1; the distribution of the initial state is denoted by f(s1]0).
Time is discounted with a factor 5. In the recursive formulation of the problem, the
lifetime utility of the agent or the value function is given by the maximum of the

alternative-specific value functions:

V(s 0) = dtlélggsct)l}(st,dt;ﬁ) (1.1)
V(st,di; 0) = u(se, di; 0) + BE{V (st41;0)|5¢, di; 0} (1.2)

This formulation embraces a finite horizon case if time ¢ is included in the vector of
the state variables.

In an estimable dynamic discrete choice model it is usually assumed that some
state variables are unobserved by econometricians. Let’s denote the unobserved part
of the state variables by y; and the observed part by z;. All the state variables

s; = (x4, y;) are known to the agent at time ¢ when they are realized. No model can
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perfectly predict human behavior. Using the unobserved state variables is an attrac-
tive way to structurally incorporate random errors in the model. The unobserved
state variables can be interpreted as shocks, taste idiosyncrasy, unobserved hetero-
geneity, or measurement errors. They may also be more specific: e.g. health status or
returns to patents. The unobservables play an important role in the estimation. The
likelihood function of a DDCM is an integral over the unobservables. In a static case,
as few as n unobservables can be used in a model with 2" alternatives to produce
non-zero choice probabilities for all the alternatives and for any parameter vector in
© given that the support of the distribution for the unobservables is sufficiently large
relative to ©. It would happen, for example, if a distinct combination of the compo-
nents of n-dimensional y; additively enters the utility function for each alternative.
However, it is often more convenient to assume a larger number of the unobservables,
e.g., a dynamic multinomial logit model has one unobservable for each alternative.
The set of the available alternatives D(s;) is assumed to depend only on the
observed state variables. Hereafter, it will be denoted by D to simplify the nota-
tion. This is without loss of generality since we could set D = U,,ex D(x;) and the
alternatives unavailable at state x; could be assigned a low per-period utility value.
A data set that is usually used for the estimation of a dynamic discrete choice
model consists of a panel of I individuals. The observed part of the state and the
decisions are known for each individual ¢ € {1,...,I} for T; periods: {z;;, dt,i}tT;l.

Assuming that the state variables are independent for the individuals in the sample,
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the likelihood for the model can be written as

I
p{zes diitiy,i € {1,... 1}]0) = Hp(xTi,ia A1, iy @14, d1i|0) = (1.3)
i=1
I
H /p(yTi,ia T30y ATsis - - - Yis Ty d1g|0)dyr i - - - dyn s
i=1

The joint density p(yz i, @10, d1is - - - s Y14, T14, d14]0) could be decomposed as follows

T;
PY1i Teis s - -+ Y, T, dg|0) = Hp<dt,i|yt,i; 135 0) f (T Yl Te—1,0s Yer,0s di—1,550)
t=1
(1.4)
where f(.].;0) is the state transition density, {zo;, Yo, doi} = 0, and p(di:|yei, x14;0)

is an indicator function:

P(deilYei o35 0) = 1wy, i midesi0)>V(yewe.0.d0)vdeDy Yti> Teiy diis 0) (1.5)

In general, evaluation of the likelihood function in (1.3) involves computing
multidimensional integrals of an order equal to 7T; times the number of components
in y;, which becomes infeasible for large T; and/or multi-dimensional unobservables
y;. That is why in previous literature the unobservables were mainly assumed to be
iid. In a series of papers, John Rust developed a dynamic multinomial logit model,
where he assumed that the utility function of the agents is additively separable in
the unobservables and that the unobservables are extreme value iid. In this case, the
integration in (1.3) can be performed analytically. Pakes (1986) used Monte Carlo
simulations to approximate the likelihood function in a model of binary choice with
a serially correlated one-dimensional unobservable.

In a Bayesian framework, the high dimensional integration over y; for each

parameter value can be circumvented by employing Gibbs sampling and data aug-
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mentation. In models with latent variables, the Gibbs sampler typically has two types
of blocks: (a) parameters conditional on other parameters, latent variables and the
data; (b) latent variables conditional on other latent variables, parameters and the
data (this step is sometimes called data augmentation.) The draws simulated from
this Gibbs sampler form a Markov chain with the stationary distribution equal to the
joint distribution of the parameters and the latent variables conditional on the data.
The densities for both types of the blocks are proportional to the joint density of the
data, the latent variables, and the parameters. Therefore, in order to construct the
Gibbs sampler in our case, we need to obtain an analytical expression for the joint
density of the data, the latent variables, and the parameters.

By a parameterization of the Gibbs sampler I mean a set of parameters and
latent variables used in constructing the sampler. One parameterization is obtained
from another by a change of variables. The number of the variables does not have to
be the same for different parameterizations: some variables could just have degenerate
distributions given other variables in the parameterization. This section illustrates
that although any parameterization validly describes the econometric model, the pa-
rameterization choice could be crucial for the Gibbs sampler performance. For a
simple example, consider parameterizing a multinomial probit model by the error
terms and the parameters instead of the latent utilities and the parameters.

It is straightforward to obtain an analytical expression for the joint density of
the data, the latent variables, and the parameters under the parameterization of the

Gibbs sampler in which the unobserved state variables are directly used as the latent
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variables in the sampler:

P(e; {dt,i; ?/t,i;xt,i}tTil;’i =1,... 7I) =
T.

p(0) H Hp<dt,i|xt,ia Y6 0) f (Teis Yeil o5 Y15 di1,6; 0) (1.6)

i=1 t=1

-

where p(6) is a prior density for the parameters and p(d;;|z:;, y:4;6) is an indicator
function defined in (1.5). It is evident from (1.6) that in this Gibbs sampler, the

parameter blocks will be drawn subject to the observed choice optimality constraints:
V(Yris i, dii; 0) > V(Yyrin w4, d; 0),¥d € DVt e {1,... , T;},Vie {1,...,I} (1.7)

For realistic sample sizes, the number of these constraints is very large and the algo-
rithm becomes impractical. The same situation occurs under the parameterization in
which w4, = w(yp,, 14, di i 0) are used as the latent variables in the sampler instead
of some or all of the components of y; ;2.

The complicated truncation region (1.7) in drawing the parameter blocks could
be avoided if we use V;; = {Via; = V(s14,d;0),d € D} as latent variables in the
sampler. However, then some extra assumptions on the unobserved state variables are
needed so that the joint density of the data, the latent variables, and the parameters
could be specified analytically. A way to achieve this when an analytical solution
to the DP is not available is to assume that the unobserved part of the state vector
includes some serially conditionally independent components that do not affect the

distribution of the future state. Let’s denote them by 14 and the other (possibly

Imai et al. (2005) seem to use this parameterization, but they omit the observed choice
optimality constraints (1.7) in drawing the parameters. From my communication with
Professor Imai, I understand that it will be changed in the next version of their paper.
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serially correlated) ones by €;; so, yy = (14, ¢;) and

F (@1, Vg, €|, v, €, d5 0) = p(Vega|Tesas €641; 0)p(Tis1, €611| T4, €, d; 0) (1.8)

Then, the expected value function E{V (s;1;0)|st, d;6)} will not depend on the un-
observables v;. The alternative specific value functions V;; = {u(vi;, €14, 14, d; 0) +
BE[V (st41;0)|€ts, Te4,d; 0)],d € D} will have analytical expressions as functions of
v;. Thus, the density of the distribution of V|6, x,,, €, could have an analytical
expression in contrast to the case when v; are serially conditionally dependent and
the expectation term depends on them.

A simple example of an analytical expression for the density p(V;;|0, x¢;, €:4) is
obtained for normal iid vy = {4 q}aep and w(viy, €14, Tr4, d; 0) = u(er, Teiy d; 0) + v g,
The serially correlated unobservables € ; could follow an AR(1) process and also enter

the utility function additively:

W(Yri, T, d;0) = w(wes, d; 0) + Vig; + €4 (1.9)

This formulation could be seen as a simple way of introducing time persistent unob-
served heterogeneity in the model. The serially correlated unobservables could also
have a more meaningful economic interpretation, e.g. health status, and enter the
utility function differently. In general, the number of components in v; and ¢; does
not have to be the same and they do not have to enter the utility additively.

The requirement of the presence of the serially conditionally independent un-
observables and the existence of a convenient analytical expression for p(V; ;|0, ¢, €:.;)

does restrict the class of the DDCMs that can be estimated by the proposed method.
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However, this restriction does not seem to be strong since the process for the unob-
servables can still be made quite flexible.

Assuming that a convenient analytical expression for p(V;;|0, z¢;, €;) exists,
the joint distribution of the data, the parameters and the latent variables can be

decomposed into parts with known analytical expressions:

p(@; {dt,i; Vt,i; Tt is Et,i}ﬁﬁi =1,... ,I) =
T;

Hp dtthz Vt z|3?t iy €t iy 9)p($t,i7

=1 t=1

—1, et_Li,dt_Li;G) (110)

>
SN—
I:1~

Under this parameterization, the observed choice optimality constraints

p(dt,i|vt,i; 0; w45 Gt,i) = p(dt,i|Vt,i) = 1{Vt,dt1i,izvt,d,i,deD}(dt,i7Vt,i) (1.11)

will not depend on the parameters and will be present only in the blocks for V; ;] . . ..
This could be easily handled since there will be only one constraint for each block

Vt,d,i e

Complete specifications of the Gibbs sampler constructed along these lines
are given in Section 1.5 for the models used in experiments.

Further simplification of the Gibbs sampler is possible if we assume that the
per-period utility function is given by (1.9) and that the unobservables 14 4; are ex-
treme value iid. Then, V;; can be integrated out analytically as in dynamic multino-
mial logit models. This slight simplification is not pursued here.

The Gibbs sampler outlined above requires computing the expected value func-

tions for each new parameter draw 6™ from the MCMC iteration m and each obser-

vation in the sample:

BV (s14150™) |24, €75, d; 0™)], Vi £, d
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The following section describes how the approximations of the expected value func-

tions are obtained.

1.3 Algorithm for solving the DP

For a discussion of methods for solving the DP in (1.1) and (1.2) for a given
parameter vector 6, see the literature surveys by Eckstein and Wolpin (1989) and
Rust (1994). Models used in the previous literature were mostly amenable to a sig-
nificant analytical simplification. For example, in Rust’s dynamic multinomial logit
model, the integration in computing expected value functions could be performed an-
alytically. Below, I introduce a method of solving the dynamic program suitable for
use in conjunction with the Bayesian estimation of a general dynamic discrete choice
model. This method uses an idea from Imai et al. (2005) of iterating the Bellman
equation only once at each step of the estimation procedure and using information
from previous steps to approximate the expectations in the Bellman equation. How-
ever, the way the previous information is used differs for the two methods. A detailed

comparison is given in Section 1.3.2.

1.3.1 Algorithm description
In contrast to conventional value function iteration, this algorithm iterates the
Bellman equation only once for each parameter draw. First, I will describe how the
DP solving algorithm works and then how the output of the DP solving algorithm is
used to approximate the expected value functions in the Gibbs sampler.

The DP solving algorithm takes a sequence of parameter draws 6™, m =
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1,2,... as an input from the Gibbs sampler, where m denotes the Gibbs sampler iter-
ation. For each 6™, the algorithm generates random states s™7/ € S, j =1,..., N (m).
At each random state, the approximations of the value functions V™ (s™7;0™) are
computed by iterating the Bellman equation once. At this one iteration of the Bellman
equation, the future expected value functions are computed by importance sampling
over value functions V*(s*7; 0%) from previous iterations k < m.

The random states s™7 are generated from a density g(.) > 0 on S. This
density g(.) is used as an importance sampling source density in approximating the
expected value functions. The collection of the random states {s™7 };V:(T) will be
referred below as the random grid®. The number of points in the random grid at
iteration m is denoted by N(m) and it will be referred below as the size of the
random grid (at iteration m.)

For each point in the current random grid s™7, j =1,..., N (m), the approx-

imation of the value function V™ (s™7;0™) is computed according to
V™(5:0) = max{u(s, d;0) + BE[V(s',0)]s, d; 0]} (1.12)
€

Not all of the previously computed value functions V*(s%7; %), k < m are used in im-
portance sampling for computing £ [V (s';6)|s,d;0] in (1.12). In order to converge
the algorithm has to forget the remote past. Thus, at each iteration m, I keep track

only of the history of length N(m): {6%;s%7 VF(sk3:0%) j =1,... N(k) ;C":_;%N(m).

3Rust (1997) shows that value function iteration on random grids from a uniform dis-
tribution breaks the curse of dimensionality for DDCMs. The Keane and Wolpin (1994)
procedure of evaluating expectations only for some grid points and using interpolation for
the rest could be used to increase the speed of the algorithm when the dimension of the
state space is large.
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In this history, I find N(m) closest to 6 parameter draws. Only the value functions
corresponding to these nearest neighbors are used in importance sampling. Formally,
let {k1,...,kg@n} be the iteration numbers of the nearest neighbors of 0 in the cur-

rent history:

ki = arg minie{m—N(m),...,m—l} HQ - QZH

kj = Arg Ml N(m), o)\ (k13 |10 = O] T =20 N(m) (1.13)

If the arg min returns a multivalued result, I use the lexicographic order for (6" — 0)
to decide which @ is chosen first. If the result of the lexicographic selection is also
multivalued: 6 = 67, then I choose 6 over #7 if i > j. This particular way of
resolving the multivaluedness of the arg min might seem irrelevant for implementing
the method in practice; however, it is important for the proof of the measurability
of the supremum of the approximation error, which is necessary for the uniform
convergence results. A reasonable choice for the norm would be ||| = /6T H,0,
where H, is the prior precision for the parameters. Importance sampling is performed
as follows:

EM™(V(s';0)]s,d; 6]
N(m) N(k;)

_ Z ‘/k:Z ki.j. Hk — ( Find | Sud; 9)/g(8k“]) (114)
= TGS sk .0) gl
N(m) N(kz

= > Z VEi (8503 0ROV (s, d, 0) (1.15)
i=1 j=1

The target density for importance sampling is the state transition density f(.|s, d;8).

The source density is the density ¢(.) from which the random grid on the state space
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is generated. The computation of the weights Wy, ;.. (s,d, ) could be simplified if a
part of the state vector is serially independent and its distribution does not depend
on the parameters and the other state variables. Both models used for experiments
contain examples of that: the unobservables 1, are Gaussian iid with zero mean and
the variance fixed for normalization. In this case the source density for v; could be the
same as the density according to which v; are distributed in the model. Then, the part
of the weight Wy, ;.m(s, d, ) corresponding to 14 would be equal to 1. In general, g(.)
should give reasonably high probabilities to all parts of the state space that are likely
under f(.|s,d;8) with reasonable values of the parameter 6. To reduce the variance
of the approximation of expectations produced by importance sampling*, one should
make ¢g(.) relatively high for the states that result in larger value functions.

To obtain the convergence of the DP solution approximations as m — oo, we
have to impose some obvious restrictions on the size of the random grid N(m), the
length of the tracked history N(m), and the number of the nearest neighbors N (m).
The length of the tracked history N(m) has to go to infinity so that when we pick
the nearest neighbors from this history they get very close to the current parame-
ter. For the same reason the number of the nearest neighbors N(m) has to be small
relative to N(m). The length of the forgotten history m — N(m) has to go to infin-
ity so that early imprecise approximations would not contaminate the future ones.

A lower bound on the number of the random states used in importance sampling

4Importance sampling is used as a variance reduction technique for Monte Carlo simu-
lations
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[N(m) - minem—nN(m),...m—1} N(z)] should go to infinity so that the importance sam-
pling approximations of the integrals converge. More specific assumptions on N(m),
N(m), and N(m) are made in the current version of the algorithm convergence proof.
They are described along with the assumptions on the model primitives in Section
1.3.3, which formally presents convergence results.

After V™(s™7; ™) are computed, formula (1.14) is used to obtain the ap-
proximations of the expectations E[V (s;y1;0™)|s, €/, d; 0™)] Vi, t,d in the Gibbs

sampler.

1.3.2  Comparison with Imai et al. (2005)

Imai et al. (2005) use kernel smoothing over all N(m) previously computed
value functions to approximate the expected value functions. They do not need
the importance sampling for the iid unobserved states; they also generate only one
new state at each iteration, N (m) = 1,¥Ym. In contrast, I use the nearest neighbor
(NN) algorithm instead of kernel smoothing. The advantage of the NN algorithm
seems to be twofold. First, it was shown to outperform kernel smoothing in density
estimation when the number of dimensions exceeds four. Thus, it might work better
in practice for the DP solving algorithm as well. Second, the NNs seem to be easier
to deal with mathematically. First of all, to prove the convergence of the DP solution
approximations I do not have to impose the requirement of a uniform upper bound on
the Gibbs sampler transition density (used by Imai et al. (2005) in their Lemma 2),

which I have not managed to establish for the actual Gibbs sampler. Second, the Imai
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et al. (2005) assumption of finiteness of the observed states space X can be substituted
by compactness. Third, Imai et al. (2005) assumed deterministic transition for the
observed states in the proof and iid unobserved states. With NN approximations,
random state transitions can be used. Imai et al. (2005) proved the convergence in
probability for their DP solution approximations with bounds on the probabilities
that are uniform over the parameter space. For the NN algorithm, I establish a much
stronger type of convergence: the complete uniform convergence. Most importantly,
the strong convergence results for the NN approximations of the DP solutions are
shown to imply the convergence of the approximated posterior expectations, which
provides a complete theoretical justification for the proposed Bayesian estimation

algorithm.

1.3.3 Theoretical results
The following assumptions on the model primitives and the algorithm param-

eters are made:

Assumption 1.1. © C R’ and S C R’S are bounded rectangles.

Assumption 1.2. u(s, d;0) is bounded, 3 € (0,1) is known.

Assumption 1.3. V(s;0) is continuous in (6, s).

Assumption 1.3 will hold, for example, under the following set of restrictions
on the primitives of the model: © and S are compact, u(s, d; 6) is continuous in (s, ),

and f(s' | s,d;0) is continuous in (0, s, s") (for a proof see Proposition 2.4.)
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Assumption 1.4. The density of the state transition f(.|.) and the source importance

density g(.) are bounded above and away from zero, which gives:

inf f(s]s.d:6)/g(s) = | >0

/
0,s",s,d

sup f(s']s,d;0)/g(s") = [ < o0

0,5 ,5,d
Assumption 1.5. 36 > 0 such that P(0™ € Alw™) > SA(A) for any Borel mea-
surable A C ©, any m, and any feasible history w™ = {w1,...,wn,} where X is the
Lebesgue measure. The history includes all the parameter and latent variable draws
from the Gibbs sampler and all the random grids from the DP solving algorithm:

A

wy = {0, AV el st j=1,...,N(t)}.

Assumption 1.5 means that at each iteration of the algorithm, the parame-
ter draw can get into any part of ©. This assumption should be verified for each
specific DDCM and the corresponding parameterization of the Gibbs sampler. The
assumption is only a little stronger than standard conditions for convergence of the
Gibbs sampler, see Corollary 4.5.1 in Geweke (2005). Since a careful practitioner
of MCMC would have to establish convergence of the Gibbs sampler, a verification
of Assumption 1.5 should not require much extra effort. Even if the assumption is
not satisfied for the Gibbs sampler, the DP solving algorithm can be theoretically
justified if the parameter draws from the Gibbs sampler are mixed with parameter

draws from a positive on © density for creating the input sequence 6%, 02, ... for the

DP solving algorithm.
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Assumption 1.6. Let 1 > vy > 7 > v > 0 and N(t) = [t"], N(t) = [t7?],

N(t) = [t"], and N(0) = 1, where [z] is the integer part of x.

Multiplying the functions of ¢ in Assumption 1.6 by positive constants will not

affect any of the theoretical results below.

Theorem 1.1. Under Assumptions 1.1-1.6, the approximation to the expected value
function in (1.14) converges completely (and thus a.s.) to the true value with proba-
bility bounds that are uniform over parameter and state spaces: that is for any € > 0
there exists a sequence {z} such that Y,z < oo and for any § € ©, s € S, and
de D:

P(|IEDV(s0) | 5,d;0] — E[V(5;0) | 5,d; 0] > &) < z (1.16)

Assumption 1.4 could be relaxed when a part of the state vector is discrete and
the number of possible discrete states is finite. Let’s denote such discrete part of the
state vector by s;. If the transition for the discrete part of the state is deterministic
then Assumption 1.4 would be required to hold for each discrete state sy and impor-
tance sampling would be performed only for the continuous part of the state space.
If the transition is not deterministic and does not satisfy Assumption 1.4 then for
each discrete part of the state and possible decision d we could introduce a separate
space of possible future states S(ss,d). On each of those spaces we would define an
importance sampling source density ¢(.|ss,d). Then, the DP solution convergence
can also be established if an analog of Assumption 1.4 is satisfied for each discrete
part of the state sy and decision d and the corresponding space of possible future

states S(sy,d). For a formal statement of these results see Proposition 2.7.
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Theorem 1.1 gives uniform bounds on the probabilities that the approximation
error for fixed (6, s) exceeds some positive number. However, the uniform convergence
for random functions, which seems to be easier to apply but harder to establish,
is defined differently in the literature (see Bierens (1994)). A uniform version of

Theorem 1.1 can be obtained given an extra assumption:

Assumption 1.7. Fiz a combination m = {mu, ..., mgq} from {t—=N(t),...,t—1}.

Let

(tlesdm) (1.17)
% Z 5744:6) — BV(5':6) | 5,0 6))f (™ | 5,d:6) /g(s™)

SNO SN f(gmea | s, d; 0) /g (smra)

Assume that family of functions {X (w*™1,0,s,d,m)},i—1 is equicontinuous in (0, s).

This assumption will be satisfied, for example, if u(s,d;#) is continuous in
(0, s) on the compact set © x S and f(s' | s,d; ) and g(s’) are continuous in (6, s, s)

and satisfy Assumption 1.4 (for a proof see Propositions 2.4 and 2.5.)

Theorem 1.2. Under Assumptions 1.1-1.7, the approximation to the expected value
function in (1.14) converges uniformly and completely to the true value: that is
(i) sup, g4 |[EO[V(s';0) | s,d;0] — E[V(s'0) | s,d;0]| is measurable,

(ii) for any € > 0 there exists a sequence {z} such that Y.z < oo and

P(sup |[EO[V(s':0) | s,d:0] — E[V(s'0) | s,d;0]] > ) < z (1.18)
s,0,d

The proof of Theorem 1.2 is given in Chapter 2, Section 2.2. It is a modification

of the proof of Theorem 1.1, the main steps of which are given below.
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Proof. (Theorem 1.1) Let’s decompose the error of approximation into three parts:

‘E%t) [V (s';0)|s,d;6] — E[V(s;0) | s,d;06)]

N(t) N(k;)
ZZV’“ ki %YW, i1(s, d, 0) — E[V(s'50) | s,d; 0]
i=1 j=1
N(t) N(k;)
< 03T VR OWi (s, d,0) — E[V(s50) | 5,d: 0]
i=1 j=1
N(t) N(k;)
I Z (V(s ki.j. gki) — V(ski’j; 9))Wki,j,t(57 d,0)
=1 j=1
N(t) N(k
n Z Z gkid. 9’6 V(ski’j;eki))Wki,j,t(sada 0)
i=1 j=1

= A(0,5,d) + A0, 5,d) + Ay(0, 5, d)
< max AL, s,d) + max AL, s,d) + max A0, s,d)

= Al(0,s) + A0, s) + A4(0, 5) (1.19)

In Lemma 2.1, T show that A{(6,s) converges to zero completely with bounds on
probabilities that are independent of 6 and s. The proof uses Hoeffding’s inequality
implying a SLLN for bounded random variables. However, some additional work is
required since s*7 do not constitute a random sample. Using the continuity of the
value function V(.), the compactness of the parameter space 6, and the assumption
that each parameter draw can get into any point in © (Assumption 1.5,) T show
analogous result for A4(#,s) in Lemma 2.2. In Lemma 2.3, I bound A%(6,s) by
a weighted sum of A%(6,s) and AL(f,s) from previous iterations. Due to very fast

convergence of A% (6, s) and A5(0, s), AL(0, s) also converges to zero completely. Thus,
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from the three Lemmas the result follows. Formally, according to Lemmas 2.1, 2.2,

2.3, there exist 6; > 0, 9o > 0, 63 > 0 and T such that V0 € ©, Vs € S, and Vit > T
P(|AL(0, 5)| > €/3) < e 050"

P(|At2(9, s)| > €/3) < o~ 0-502t71
P(|Ag(9,8)| > €/3) < o 0st70M

Combining the above equations gives:

P(EOWV(s;0) | s,d;0] — E[V(s;0) | 5,d; 0] > ¢)

< P(AL(0,s) + AL(0,5) + AL(0, s) > €)

< P(|AL(60, )] > €/3) + P(|A5(0, 5)| > €/3) + P(|A4(6,5)| > ¢/3)
< e 0501t + e 0-502t™ + 6_53”071, Vt>T

— 2, Vt>T (1.20)

For t < T set z; = 1. Proposition 2.10 shows that Z;’i 0% < oo. The Lemmas are

stated and proved in Chapter 2. U

1.4 Convergence of posterior expectations
In Bayesian analysis, most inference exercises involve computing posterior ex-
pectations of some functions. For example, the posterior mean and the posterior
standard deviation of a parameter and the posterior probability that a parameter
belongs to a set can all be expressed in terms of posterior expectations. More im-

portantly, the answers to the policy questions that DDCMs address also take this
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form. Examples of such policy questions for the models I use in experiments in-
clude: (i) in Gilleskie’s model, investigators might be interested in how the average
number of doctor visits and/or work absences would be affected by changes in the
coinsurance rates and in the proportion of the wage that sick leave replaces; (ii) in
Rust’s model, investigators could care about how the annual number of bus engine
replacements would be affected by a change in the engine replacement cost. Using the
uniform complete convergence of the approximations of the expected value functions,
I prove the complete convergence of the approximated posterior expectations under

mild assumptions on a kernel of the posterior distribution.

Assumption 1.8. Assume that ¢,; € E, § € O, and vy, € [—7,7], where vy,
denotes the k™ component of v;. Let the joint posterior distribution of the parameters
and the latent variables be proportional to a product of a continuous function and
indicator functions:
p(0,V,6; Fld,x) < r(0,V, ¢ F(0,¢)-1e(f) - (H 1E(et,i)p(dt,i|vt,i)>
it

(H 1[75,5}(%(97 Vt,ia €t,is Ft,i(ea 6tz))>> (1-21)

itk
wherer(0,V, €, F) and qx(0, Vi, €4, Fri) are continuous in (0,V, €, F), F' = {F 4,,Vi,t,d}
stands for a vector of the expected value functions, and F,,; are the corresponding sub-
vectors. Also, assume that the level curves of qi(0, Vi, €ri, Fri) corresponding to U

and —v have zero Lebesque measure:

)‘[(67 V7 6) : Qk(9> Vt,i> €t,is E,Z) = ﬁ] = )\[<97 V? 6) : Qk(ea Vt,i; €t,is Ft,i) = _v] =0 (122)
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This assumption is likely to be satisfied for most models formulated on a
bounded state space, in which truncation is used for distributions with unbounded
support. If in the two examples from the next section the Gaussian distributions
were truncated to satisfy the boundedness requirements of the theorems: v 4;, €,
and the prior for 6 were truncated to bounded sets [—7, 7|, F, and ©, then the kernels
of the joint distribution for both models would have the form in (1.21). Condition
(1.22) is also easy to verify. In both models, q4(6, Vi, €4, F1i) = Au(xy;, d) + €14, +
Fiai(0,€) — Viai; = U defines a continuous function V;4; = Au(zi;,d) + €14, +
F, 4i(0,€;) — 7. Since the Lebesgue measure of the graph of a continuous function is

zero, (1.22) will be satisfied.

Theorem 1.3. Let h(0,V,€) be a bounded function. Under Assumptions 1-1.8, the
expectation of h(0,V,€) with respect to the approximated posterior that uses the DP
solution approximations 2 from step n of the DP solving algorithm converges com-
pletely (and thus a.s.) to the true posterior expectation of h(0,V,€) as n — oo: for

any € > 0 there exists a sequence {z,} such that > "z, < oo and

P (\ [ 16,9906,V Fla.a)at0,v.0)

— /h(Q,V,e)p(G,V,e; E™d, 2)d(0,V, €)

>ec| <z, 1.23
) (1.23)

The proof is given in Chapter 2, Section 2.3. The theorem can be extended to
the case when we are interested in p(W |z, d), where W is called the object of interest,

see Geweke (2005); in particular, W can denote the answer to a policy question. If
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the implications of the model for W are specified by a density p(W16,V, €, d, x), then
pWld.o) = [pV6.V.cd a0,V e Fld.a)d6.v.0 (120

If p(W|0,V,¢,d, z) has the same properties as the kernel of p(8,V,¢; F|d,z) in As-

sumption 1.8, then the theorem holds for p(W|x, d).

1.5 Experiments

To implement the algorithm I wrote a program in C. The program uses BACC®
interface to libraries LAPACK, BLAS, and RANLIB for performing matrix operations
and random variates generation. Higher level interpreted languages like Matlab would
not provide necessary computation speed since the algorithm cannot be sufficiently
vectorized. As a matter of future work, the algorithm could be easily parallelized
with very significant gains in speed (this is is not necessarily possible or easy for
an arbitrary algorithm.) A short discussion of algorithm parallelization is given in

Section 1.5.2.5.

1.5.1  Gilleskie’s (1998) model
1.5.1.1 Setup
For experiments, I used a simplified version of Gilleskie’s model. Only one
type of sickness was included and some parameters were fixed. For the extreme value
iid process for taste shocks in the original model I substituted a serially correlated

process.

BACC is an open source software for Bayesian Analysis, Computation, and Communi-
cation available at www2.cirano.qc.ca/bacc
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In the model, an agent can be sick or well. If sick, every period she has the
following alternatives to choose from: d = 1 — work and do not visit a doctor, d = 2
— work and visit a doctor, d = 3 — do not work and do not visit a doctor, d = 4 —
do not work and visit a doctor. The observed state x for a sick agent includes: ¢t —
the time since the illness started, v; — the number of doctor visits since the illness
started, and a; — the number of work absences accumulated since the illness started.
For a well agent z = (0,0,0).

The per-period utility function of a well agent is equal to her income Y, which
is known; so, the marginal utility of consumption when well is fixed to 1. The per-
period utility function of an ill agent is additively separable in the unobserved state

variables y; = {y:4,d € D} and linear in parameters:

u(xta Y, d) = Z(xta d) %y yt,d

where o = (aq, a9, a3, ay), a; is the disutility of illness, ay is the direct utility of
doctor visit, ag is the direct utility of attending work when ill, and a4 is the marginal
utility of consumption when ill. As a function of the observed state and the decision,

the 1 x 4 matrix z(zy, d) is given by

z2(x, 1) = (1,0,1,Y), 2(x,2) = (1,1,1,Y — C)

2(x,3) = (1,0,0,Yé(ar + 1)), z(z4,4) = (1,1,0,Yo(a; + 1) — C)

where C' is a known out-of-pocket cost of a doctor visit; ¢(a;) is a proportion of the
daily wage that sick leave replaces for the accumulated number of absences a;. In the

original model ¢(a;) depends on some parameters; here, I just fix those.
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The unobserved states in the model are interpreted as taste shocks. As was
discussed in Section 1.2, the unobserved state variables should include some serially
conditionally independent components in addition to the serially correlated ones so
that the joint distribution of the data, the parameters, and the latent variables could
be specified analytically. I chose a very simple specification of the unobserved states

that satisfies this condition:

Yt.d = €t,d T Vtd

where v, 4 is iid N(0,h;'), €4 is N(pe_14,h;') and €54 = 0. The structure of
interdependence between the unobserved state variables could be more general and
it is a subject for future work.

The probability of contracting a sickness 7® is assumed to be known. The
probability of getting well for a sick agent 7(zy,d,n) depends on the parameters 7

and is given by

O(neprq) ift=1,...,T—1
(s, d,m) = (1.25)

1 iftt="1T

where ®(.) is a standard normal cdf and

Netr1 = M1+ MVsy1 + N3ap41 + Nt (1.26)

The maximum sickness duration is 7". For ¢ < T the transition could be described by

a probit model with an unobserved recovery index RI;:

R.[t+1 = N€t+1 + N(O, ]_) (127)
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Conditional on RI;,; the transition for x; is deterministic:

(0,0,0), if RI;;7 >0o0rt =T
$t+1|$t,d, Rl =

o' (wg,d) = (t + 1, a0 + 1z,0y(d), ve + 1j2.43(d)), otherwise
(1.28)

where 2/(.) denotes the future state as a deterministic function of the current state
and the decision given that the agent remains sick.

The life-time value of being well is
V=Y + (1 —7°)V,, + B’ EV (21, v1) (1.29)

where 27 = (1,0,0).

The lifetime value of being sick is

Ve, ye) = max V(ze, yr, d) (1.30)

V(:Etvyt;d) = U(l’t,yt,d)—FﬁW(l't,d,'I])Vw

+ B(1 = m(xy,d,n)E[V (2 (24, d), ypi1)| € 0] (1.31)

1.5.1.2 Gibbs sampler

In the model formulation above, the assumed distributions for the unobserved
states have unbounded support. It is also more convenient to use distributions with
unbounded support in constructing the Gibbs sampler. To reconcile this with the
theory, which requires the parameters and the states to be in bounded spaces, we
could assume the existence of bounds for all the parameters and the states. If these

bounds are large enough, then the Gibbs sampler that takes them into account would
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produce the same results as the Gibbs sampler that does not. Thus, not to clutter
the notation I present the Gibbs sampler assuming no bounds. For an example of the
Gibbs sampler that imposes the bounds see the Gibbs sampler for Rust’s model in
Section 1.5.2.3.

For each individual 4, one illness episode of length T; is observed. The ob-
servables in the model are {x,;}; 1" and {d;;}/2, for i = 1,... 1. The parameters
are 0 = (a,n,p, he); hy, is fixed for normalization. From experiments with the DP
solution (Section 1.5.1.4,) I find that the approximation error for the expected value
functions E™[V (s';0)|s,d; 6] is much bigger than for the differences of expectations
Em[V(s':0)|s,dy;0) — E™[V(s';0)|s, dy; ). Thus, instead of using V4, as latent vari-

ables in the estimation procedure I use the following latent variables:

AVt,d,z’ = Vt,d,i - Z(fﬂt,i, C_Z)CV - 5E[V(3'; 9)|€t,i, ﬂﬁt,z‘,E; 9]

= Azigio+€a;+ Vg + Frai(0,€) (1.32)
where d is some fixed alternative in D, Az 4; = 2(44,d) — 2(74,d), and
-F;f,d,i(97 et,i) = ﬁE[V(Slv 6) ‘et,ia xt,ia da 9] - ﬂE[V(Sla 9)|6t,i7 $t,’i7 Ev 6] (133)

Note that AV, 4; is not a difference of alternative specific value functions. If it were
then the Gibbs sampler blocks for AV ;; would be more complicated.

In addition, € = {et,d,i}f;'l and {RI;; fgl are also treated as latent variables.
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The joint distribution of the data, the parameters, and the latent variables is

i . T g Titl, . _ _
p(O;{dis; AVia, -, AVipis €1 -+ €60 et A0 Rl by si=1,... 1) =

T;
p(0) H H[p(fﬁtﬂ,i Ttii i Rl p(Rlpri|ves; des )
i=1 t=1
D
Pldeil AV AV o) [ [ D(AVeaslwrs, €05 0)p(enailerrai p, he)) (1.34)

d=1
where p(0) is a prior density for parameters; xo; = 0; p(dis|AViai, ..., Vepa) is an

indicator function, which is equal to 1 when AV, 4, > AV, 44, Vd.

P(AV; qilTe s, €0450) o< exp {—0.5h, (AV;q; — Azp i — €ai — Frai(0,€::))°}

petail€t—1.4:,0) x he_m exp {—0.5h (€145 — per—1.44)>}

Gibbs sampler blocks

The block for AV, g, ... is N(Az g, + €r4; + Frai(0,€,), h,) truncated to
AVig,.i = AV, ;,¥d € D. The block for Rlyi1 ... is N(ep1m,1) truncated to
(0,00) if ¢4, = (0,0,0) and to (—oo, 0) otherwise, where e;1 ; is a vector depending

on z¢; and d;; that was defined in (1.26). The density for € q;] ... block:

plerail-..) o< exp{—0.5h, (AVig; — Frai(0,€:) — Azp g0 — et,d,i)2} (1.35)
xexp{—0.5h, > (AV,g; = F, 1,(0,€:) — Azpaia — €, 4,)*}(1.36)

d#£d
X exp{—0.5hc(ers14i — perai)’ — 0.5he(erai — per—1,44)’}  (1.37)

To draw from this density I use a Metropolis step with a normal transition density
proportional to (1.37). Blocks for ¢ 4; with ¢ = 0 and ¢t = T; will be similar. Blocks

for af ..., n|..., p|..., he|... are drawn by the Metropolis-Hastings (MH) random
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walk algorithm since an analytical expression for the difference in expected value
functions F; 4,(0, €) is unknown and it could only be approximated numerically. The
proposal density of the MH random walk algorithm is normal with mean equal to the
current parameter draw and a fixed variance. The variances are chosen so that the
acceptance probability would be between 0.2 —0.8. If a vector of parameters is drawn
as one block by the MH random walk it is important to make the variances for all the
components of the vector as large as possible keeping the acceptance rate reasonable.
Nevertheless, reasonable acceptance rates do not guarantee fast convergence. While
drawing vector o by the MH as one block worked well, drawing 7 as one block resulted
in too slow mixing of the chain. Thus, on every other iteration the components of n
are drawn one at a time. This significantly accelerated convergence. For larger sample
sizes (I = 1000,) acceptance rates in the range 0.2-0.3 worked the best. For Rust’s
model, I explore an alternative to the random walk chain, in which the MH transition
densities are proportional to the familiar parts of the posterior. This alternative
seems to work remarkably well for the state transition parameters that are strongly

identified by the data (see Section 1.5.2.)

1.5.1.3 Approximating the value functions

The sequential structure of the model was exploited in computing the ap-
proximations of the value functions. In experiments, only one nearest neighbor
was picked for approximating the expectations: N (m) = 1. First, a random grid

{y™ = (v™I ’em,j)};\f:(;n) is generated on the continuous part of the state space:
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v~ N(0,h; ") and €™ ~ g(.), where g(.) is normal with zero mean and the pre-

cision equal to the prior mean of h.. The approximations of the value functions for

A~

each r € X and y™7, j =1,...,N(m) are computed as follows:
m m,j. gm — m,j m
Vm(z,y™;0™) rgleaj:))(u(x,y ,d,a™)
+ Bz, d, ")Vt + 51— 7(z,d,n™)) x (1.38)

(et | ez gm)/g(en)
SN fem | emi; gm) [g(emr)

where f(.|e;60) is a N(pe, h-') density. Note that v/;"’ have the same distribution

N(m)
X Z V(! (z,d), y™" 0™)
i=1

as vy 4 in the model. Thus, the corresponding density values cancel each other in
the numerator and denominator of the importance sampling weight. The approxima-
tions of the value functions with larger ¢ are computed first. That is why only the
value functions already updated at the current iteration m, V™(.;6™) (as opposed
to Vk1(,;0%))) are used for approximating the expectations in (1.38). Note, that for
x with ¢ = T, the recovery is certain, 7(x,d,n™) = 1, and only V" is required for
computing the expectation. This procedure is similar to the backward induction or
the Gauss-Seidel method.

After (1.38), the approximation of the value of being well is computed.

Vo' = [/ = B0 ==Y +
N(m) ) )
- f(emr0;6™)/g(e™")
+ By V™((1,0,0), 5™ 0™ — | (1.39)
; St flem|0; 0m) fg(em)

Experiments with a sequence of 8™, which was drawn from a prior distribution one
component of § at a time, showed that performing only one Bellman equation iter-

ation might not provide a sufficient approximation precision for feasible run times.
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For N(m) = 1000 and N(m) = 100 the average approximation error for Fj (6, ¢)
was three times as large as the standard deviation of the taste shocks h-°. The
approximation error for the kernel smoothing algorithm of Imai et al. (2005) was on
average twice as large as for the nearest neighbors algorithm®.

The approximation precision could be improved by repeating (1.38) and (1.39)
several times. For that purpose we can separate iterations of the Gibbs sampler and
the DP solving algorithm. For each iteration m of the Gibbs sampler we perform
several iterations of the DP solving algorithm keeping the parameter vector fixed at
6. Only the approximations of the value functions obtained on the last repetition are
used for approximating the expectations in the Gibbs sampler at iteration m. Note
that for N(m) = 1 this procedure could still fit the proposed theoretical framework
with the modification that at each iteration of the DP solving algorithm the parameter
vector is drawn with a small probability p from a density p(6) > 0 on © or, otherwise,
taken to be the current Gibbs sampler draw 6™ with a probability 1 — p. This
augmentation would guarantee that Assumption 1.5 holds.

The value function iteration algorithm has linear convergence rates and con-
vergence may slow down significantly near the fixed point. That is why employing
the following non-linear optimization procedure might help in obtaining a good ap-
proximation precision at reduced computational costs. Performing one iteration of

the DP solving algorithm (computations in (1.38) and (1.39)) for the fixed parameter

Tmai et al. (2005) do not provide numerical results characterizing the accuracy of their
DP solution approximations. It might be possible to improve the results obtained here for
the kernel smoothing algorithm by varying the kernel smoothing band width.
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vector ™ and the random grid {y™’ };V:(T) could be seen as a mapping that takes V,,
as an input and updates it. Iterating this mapping produces a sequence of V,,’s that
converges monotonically. Taking this into account improves the performance. Figure

1.1 presents a flowchart of a direct search procedure for finding the mapping fixed

point V"

x1=f(x0)

Yes > x=x1 )

b0=x0 a0=x0
bl=x1 al=x1l
x0=b1+(b1-b0O)M x0=al+(al-a0)M
x1=f(x0) x1=f(x0)
Find
1 1
a0,a1,b0,b No No
No No
A 4 A 4
a0=x0 b0=x0
al=x1 bl=x1

A 4 A 4

X0 = (al*b0-b1*a0) / (b0-bl+al-a0) |,
x1=f(x0) N

convergence

No

b0=x0 a0=x0
b1=x1 —No @ Ve a1

Figure 1.1: Flowchart of a direct search procedure for finding a fixed point.

In the flowchart, f(.) denotes a mapping that takes V,, as an input and re-

turns an updated value of V,, iterating the Bellman equations once. The algorithm
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searches for a fixed point x = f(x). First, the algorithm finds bounds ayg, a1, by, by:
ap < a; = flap) < x < by = f(by) < by starting with zy. A scaling factor M is cho-
sen experimentally. Updated x is obtained by cutting interval [a;, b;] in proportions
(a1 — ag) : (bp — by). After each iteration the difference f(zg) — xo is compared to
a tolerance parameter d. If the convergence has not been achieved ag,ay, by, by are
updated and the procedure is repeated. This procedure is used in the estimation ex-
periments presented below. In these experiments, starting from the nearest neighbor,
the procedure required only 2-4 passages over (1.38) and (1.39) to find the fixed point
V™ or, equivalently, to solve the DP for ™ on the random grid {y™’ };V:(;n) .

Since the Gibbs sampler changes only one or few components of the parame-
ter vector at a time, the previous parameter draw ™! turned out to be the nearest
neighbor of the current parameter 6™ in most cases. Taking advantage of this obser-
vation and keeping track only of one previous iteration saves a significant amount of
computer memory.

In the Gibbs sampler, the approximations of the differences in the expectations

are computed as follows:

Frai(0™, ) =

ﬂ(ﬂ-(xt,’h d7 77m) - ﬂ-(xt,i? 87 nm))v’l;r)n

m m m,i, Am f(em,’b | Emz’ em)/g(em,z)
B = e, d ™) DV g d), g0 e
i=1 Zr:1 flem | €rs om)/g(emr)
N(m) i '
m(,./ m,i, Aom f(GM7Z|€mi; Qm)/g(emﬂ')
= B = wan d™) YV (i ).y 0
im1 Dot Slemr|el; 0m) [ g(emr)
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1.5.1.4 Experiments with DP solution

A simulation study was conducted to assess the quality of the DP solution
approximations. The study explores how the randomness of the grid affects the ap-
proximations for fixed parameters and how these effects change with the random
grid size. The parameter values for this experiment are the same as for the es-
timation experiments described below in Section 1.5.1.5. First, I generated 1000
random grids {y™7 }ﬁl, m = 1,...,1000. Then, for each random grid m, I solved
the DP as described in the previous section and computed the approximation of

the value of being well V] and the approximation of the difference in expectations

EM[V(s'0)|s,dy; 0] — EM[V(s';0)|s, do; 0.

0.04

0.035

0.03|-
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0.02

0.015

0.01+
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‘\‘ =~
2.892 2.8925
x10°

il = | L
2.89 2.8905 2.891 2.8915

Figure 1.2: Estimated densities of V,,. The tightest density corresponds to N = 1000,
the most widespread to N = 100. The dashed lines are fitted normal densities.

The approximation V" is a measurable function of the random grid realization

{y™7 }f;l and thus itself is a random variable. Using kernel smoothing, I estimated
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densities of those approximations. The estimated densities for N = 100,500, 1000 are

presented in Figures 1.2 and 1.3.

-104.8 -104.7 -104.6 -104.5 -104.4 -104.3 -104.2 -104.1 -104

Figure 1.3: Estimated densities of EM[V(s';0)]s,dy; 0] — E™[V (s 0)|s,ds; 0]. The
tightest density corresponds to N = 1000, the most widespread to N = 100. The
dashed lines are fitted normal densities.

Visual inspection of the figures suggests that the approximations converge as
the number of the points in the random grid increases. The mean of the distribution
seems to be the same for N = 100,500, 1000. The variances are roughly proportional
to N=!. The densities are close to the fitted normal densities. All this hints that an
analog to a CLT might hold for this problem. Comparison of the two figures shows
that the maximal approximation error for the expected value function is larger by two
orders of magnitude than the maximal approximation error for the difference in the
expected value functions. This result seems to have a simple intuitive explanation.
An approximal DP solution computed on a random grid could be far from the actual

solution. However, the errors resulting from discretization and numerical integration
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very similarly affect the approximations of the future expected value functions for the
same current state but different decisions. It probably happens because numerical
integration over the future states is performed on the same random grid no matter
which alternative is chosen in the current period. Thus, the approximations of the
expected value functions have very high positive correlation and their variances are of
similar magnitude. This results in a small variance for their difference. As I mentioned
earlier, these findings motivate the choice of the Gibbs sampler parameterization, in
which only the differences of the expected value functions are used.

Comparing the approximation precision with the magnitude of the taste shocks
in the model seems to be a reasonable way of judging the approximation quality. The
maximal approximation error for the differences in the expected value functions for
N = 100 was smaller than the standard deviation of the taste shocks h;' =10 by a
factor of 15 — 30.

To further verify that the method is implemented correctly I conducted a
similar simulation study using the extreme value iid unobservables instead of the
serially correlated unobservables. The results were analogous to the ones reported
in the figures. The actual DP solution for the iid extreme value unobservables can
be easily computed with a high precision as described in Rust (1994). As expected,
the exact solutions were right at the means of the distributions obtained from the
simulation study.

These experiments also suggest an improvement in the algorithm performance.

Solving the DP on several small random grids and combining the results seems to
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be a very efficient alternative to using one large grid. I separate the series of the
approximations of V,, for N = 100 into batches of size 10. For each batch I compute
the mean and then use these means in kernel smoothing to obtain the estimated
density for such approximations of V,,. The resulting density practically coincide
with the density obtained for N = 1000 and no batching. Thus, the approximation
precision for these procedures is about the same. The time of iterating the Bellman
equation on a grid of size N is proportional to N2, Therefore, the time required for
iterating the Bellman equation on a grid of size N = 100 for ten different grids will be
smaller by a factor of 10 than the time required for iterating the Bellman equation on
one grid of size N = 1000. These experimental results are intriguing. Investigating
theoretical properties of this improved procedure, e.g. deriving complexity bounds,
seems to be of great interest and is a subject of future work. This improvement has not
been incorporated into the estimation experiments in this chapter. However, I employ
it in Chapter 3 that uses artificial neural networks to approximate the expected value

function as a function of the parameters # and the state variables.

1.5.1.5 Estimation for artificial datasets

The generated sample contained I = 100 observations. The maximal length
of an illness episode was T' = 5, the standard deviation of the uncorrelated taste
shocks was h; % = 10, and the time discount factor was 3 = 0.9997. The size of the

random grid for solving the DP was equal to N = 100, and the number of the picked

nearest neighbors was equal to N = 1. Data generation and each iteration of the
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estimation procedure use the same random grid for solving the DP (Proposition 2.6
justifies using the same random grid at each iteration of the algorithm if the number
of the nearest neighbors is constant.) Experiments with different grids are conducted
on real data for the Rust (1987)’s model. The approximation error for the differences
in the expected value functions was smaller than the standard deviation of the taste
shocks by a factor of 15 — 30. Under these settings, it takes about 30 seconds to
produce 100 draws from the posterior on a 2002 vintage PC. The priors are specified

together with estimation results in Table 1.1.

Table 1.1: Estimation results for artificial data

Param- | True Posterior Prior
eter value | Mean SD NSE
o -1000 | -1225.1  458.26  14.931 N(—1000, 3333.3%)
Qo -50 | -0.5944 17496  5.6386 N(-50,333.3?)
ag 90 | 87.298 120.52  5.0465 N(90,333.3%)
oy 0.2 ] 1.939 5.8549  0.1924 N(0.2,16.7%)
p 0.7 10.66199  0.1368  0.0068 | N(0.5,1000%), s.t.[0, 0.99]
M -4.5 | -4.5983  0.3107  0.0479 N(—4.5,0.67%)
M2 0.1 | 0.09767 0.0192  0.0036 N(0.1,0.0672)
N3 0.1 |0.13571 0.0348  0.0101 N(0.1,0.0672)
N4 1.5 | 1.4872  0.1112  0.0187 N(1.5,0.67%)
h795 20 | 19.4959  5.2168 0.67 8003, mean=sd=20
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The data and the parameters that were fixed: Y = 98, C' = 30, n° = 0.0034,
#(a) = 1/(1 + exp(—20 + 5a)), and d = 4. The parameter values used for data sim-
ulation, the priors and the posteriors are also presented graphically. The parameter
values for data simulation were chosen so that all the decisions and most of the possi-
ble observed states x € X were present in the simulated data. The chain convergence
is checked by comparing the estimation results for several different posterior simulator
runs. Figure 1.4 gives estimated posterior marginal densities of the parameters for

five different posterior simulator runs that were started from random initial values.

x10° x10°
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Figure 1.4: Estimated posterior densities of (a) aq, (b) g, (¢) as, (d) a4, (e) p, (f)
n, (g) n2, (h) n3, (k) n4, (1) he /2 The dashed lines are prior densities. The vertical
lines show the actual parameter values.
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The length of the runs was 300000 — 1000000 draws. The posterior densities
estimated by kernel smoothing seem to converge to the same stationary distributions
for different posterior runs.

As can be seen from the figure, @ and p converge much faster than n and h..
Overall, the amount of serial correlation in the sampler draws is quite large. This is
typical for the Metropolis-Hastings random walk algorithm. The situation might be
complicated here by the presence of a lot of latent variables and by the sensitivity of
the expected value functions to changes in parameters. Thus, long simulator runs are
necessary to estimate the posterior distributions with sufficient precision. Also, some
experimental work is required for choosing the variance of the transition densities for
the MH random walk.

Another apparent feature of the estimation results is that the uncertainty
about the parameter values is huge. One reason being that the model is not very
parsimonious and the parameters are weakly identified. Changes in different param-
eters might lead to similar changes in the observables. This also creates difficulties
for classical maximum likelihood estimation of dynamic discrete choice models. The
standard errors of the parameter estimates are often large and difficult to compute
precisely. In contrast to the classical approach, Bayesian inference takes into account
the uncertainty about the parameters and this advantage seems to be important for
dynamic discrete choice models. As will be seen in the experiments with Rust’s
model, an increase in the sample size does not necessarily cure the problem of weak

identification.
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1.5.1.6 Two stage estimation

The following experiment is motivated by the two stage classical estimation
procedure in which the state transition parameters n are estimated first from the
partial likelihood and then these estimates are used in the estimation of the rest
of the parameters. The experiment below could give some clues on how the full
maximum likelihood estimation results would differ from the ones of the two stage
procedure. Using the priors and the artificial dataset from the experiments in the
previous section, I estimate 1 by a standard probit model with the assumption that x ;
are fixed. The results of this procedure are contrasted with the full model estimation

results in Figure 1.5.

0 =
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Figure 1.5: Posterior densities of n: (a) n1, (b) 12, (¢) 13, (d) ns. The solid lines show
the densities estimated by probit, the dotted lines by the full model. The vertical
lines show the actual parameter values.

Then, fixing n at the posterior mean from the probit estimation, I estimate

www.manharaa.com




46

the rest of the parameters. The results are compared with the full model in Figure
1.6. As can be seen from Figure 1.5, the posterior standard deviations for n are
significantly smaller for the full model estimation. Thus, there seem to be significant
efficiency gains from the full model estimation. Surprisingly, the estimation results
for the rest of the parameters are only slightly affected by fixing n. The “second stage
posteriors”, depicted in Figure 1.6, noticeably differ from the full model posteriors
only for o and h;l/z.

Overall, this experiment does not seem to suggest that the two stage classical

estimation procedure would produce unreasonable results for this model and sample

size. However, the standard errors of the parameters might be considerably affected.
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Figure 1.6: Posterior densities of , p, and he/*: (a) aq, (b) ag, (c) ag, (d) ay, (e)
p, (f) he /2 The solid lines show the densities estimated with fixed 7 (two simulator
runs,) the dotted lines by the full model. The vertical lines show the actual parameter
values.
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1.5.1.7 Joint distribution tests

To verify that the Gibbs sampler is implemented correctly I employ joint dis-
tribution tests developed in Geweke (2004). The test works as follows. First, start
from the joint prior distribution for the observables and the unobservables: 6% ~ p(f)
and AVY €% 2% RI°, d° ~ p(datalf®). Then, generate a draw from the posterior sim-
ulator AV el RI 1, 0' and generate the observed and the augmented data from the
data simulator AV ¢!zl RI' d' ~ p(datal0') and continue repeating these two
steps. The invariant stationary distribution of this Markov chain is the joint prior
distribution of the observables and the unobservables. This successive conditional
simulator uses the posterior and data simulators. If the posterior and data simulators
are derived and implemented correctly, then, for example, the sample mean of 6™
converges to the prior mean of 6, which could be tested formally using a central limit
theorem.

Using smaller size of the artificial dataset results in better mixing of the chain
in the successive conditional simulator. In this experiment I = 2. Tighter priors also
increase the speed of convergence. Some experimental work was required to choose
the variances for the Metropolis-Hastings transition densities. The acceptance rates
were in 0.2-0.7 interval.

The test uses 10000 draws from the prior simulator and 75000 draws from the
successive conditional simulator. The hypothesis of means equality was not rejected
by the standard means equality test performed for the parameters and their squares.

The test p-values are reported in Table 1.2. The numerical standard errors were
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computed by batching with a first order time series correction.”

Table 1.2: Joint distribution test

Parameter | Prior simulator | Successive conditional | Means equality
mean simulator mean p-value

o -999.99 -1000 0.25
Qo -49.997 -50.03 0.42
Qs 90.009 89.946 0.10
Qy 0.20014 0.19997 0.67

p 0.50209 0.50122 0.60
i -4.5033 -4.4989 0.24
M2 0.099921 0.099911 0.99
73 0.099814 0.10013 0.63
M4 1.4989 1.5034 0.72
h-5 20.306 20.296 0.73

These tests are useful not only at the program debugging stage, but also help
to catch some conceptual errors in the posterior simulator implementation: e.g., in
drawing p by the MH random walk a truncation constant was not taken into account

in computing the acceptance probability (prior for p is truncated to [0,0.99].) The

"The sequence of the draws is divided into batches. It is assumed that the means of the
batches follow an AR(1) process and the corresponding standard error is computed.
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results of the tests are also presented graphically in Figure 1.7.
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Figure 1.7: Joint distribution tests: (a) ay, (b) ag, (¢) as, (d) a4, (e) p, (f) m, (g)
12, (h) 13, (k) M4, (l) h6_1/2~

The solid lines are the densities of the parameter draws from the successive
conditional simulator estimated by kernel smoothing. These densities practically

coincide with the dashed lines that show the prior densities.

1.5.2  Rust’s (1987) model
1.5.2.1 Setup
Rust (1987) used a binary choice model of optimal bus engine replacement to
demonstrate his dynamic logit model. In this model a maintenance superintendent
of a bus transportation company decides every time period whether to replace a

bus engine. The observed state variable is the bus mileage x; since the last engine
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replacement. The control variable d; takes on two values: 2 if the engine is replaced
at t and 1 otherwise. The per-period utility function of the superintendent is the

negative of per-period costs:

1T + € if dt =1
Uy, €4, Vg, dy; ) = (1.40)

Qo + 1 if dt =2
where ¢; and v, are the unobserved state variables, a; is the negative of per-period
maintenance costs per unit of mileage, « is the negative of the costs of engine replace-
ment. Rust assumes that ¢; and v; are extreme value iid. T assume v; is iid N(0, b 1)
truncated to [—7,7], € is N(pe;_1, h7') truncated to E = [—€, €], and ¢y = 0. The bus

mileage since the last replacement is discretized into M intervals X = {1,..., M}.

The observed state x; evolves according to

W(It+1 — T, 7]) if dt =1
Pl din) = (1.41)

m(xy — 1;m)  ifdy =2

and .
ny if Ax=1
w(Az;n) = < (1.42)
ng if Azr =2
0 if Az >3

\

Rust assumes that if the mileage reaches the state M it stays in this state with
probability 1. T instead assume that the engine is replaced at ¢ if x; exceeds M — 1,

which slightly simplifies the DP solution. In the recursive formulation, the life-time
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utility for x; < M is given by

3
Vi(zy, e, 1130) = max{ iz + e + 52771:E[V($t +k—1,6,0;0)e; 0],

k=1
as + v + SEVL(0) } (1.43)
where
3
EVa(0) = > mE[V (k,€,/;6)|0; 0] (1.44)
k=1
E[V(xi1,€,050)|e; 0] = /V(xt+1,e', V' 0)dP(€,V |e; 0) (1.45)
For x; > M:
V(g €, 1150) = g + vy + BEV;(0) (1.46)

1.5.2.2  Approximating value functions

The algorithm of approximating the value functions is similar to the one for
Gilleskie’s model, where the role of V,, is played by EV;. Only one nearest neighbor
is used, N(m) = 1. The random grid {y™/ = (v™7,e™i )};V:(;n) is generated from
a normal distribution: 7 ~ N(0,h;') and €™ ~ g(.), where g(.) is a normal
density. First, one iteration of the DP solving algorithm is described as it should be
performed according to the theory. Then, improvements in the algorithm performance
are discussed.

An iteration of the DP solving algorithm is performed as follows. For a given

initial BV} (#*') corresponding to the nearest neighbor, Bellman equations (1.43) are
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A

iterated for x in descending order and j =1,..., N(m):

3
VP (2, g™ 0m) = max{ o'z +e™ + 3 BT V(e+k—1,y50m) |y 07,

k=1
ap + ™ + BEVSH(6)} (1.47)
where
. N(ki1)
E"V(r+k—1,y;0™)|y™ ;0™ = Z VR (2 4k — 1,y 0RO W (b, éfrd gt
r=1

(1.48)
Note that for & > 1 the value functions V"™ (z + k — 1,y"™";6™) have already been
computed. Thus, for k& > 1, k; will be equal to m in (1.48). Next, EV;"(0™) is
computed:
3 N(m)
EV*(0™) = e > V™ (k,y™0MW(€™,0,0™) (1.49)
k=1 =1
In practice, iterating (1.47) several times in a row for one z before going to the
next significantly improves the convergence speed. It happens because the expression
for the value function at the mileage = includes the expected value function at the
same z. If Bellman equation (1.47) is iterated several times the approximation error
in V™(x,y™7; ™) becomes smaller and affects the value functions for {1,...,z — 1}
much less. Using only already updated V™ (z, y™7; ™) in computing the expectations
further improves the performance. Thus, when (1.47) is iterated first time for a given

x the expectations for k = 1 are approximated as follows:
j—1

EMV(x+k—Lys0™)y™ 0" =Y V(g™ 0™ W™, y™,0m) (150

r=1
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For j =1, E™[V(z +0,y;0™)|y™";0™] is a solution of the following equation:

E™V(z+0,y;0™)|y™*; 0™ = max{ay + BEVy (0%),
a'x 4+ BT E™V (x4 0,4/ 0™)|y™; 0™ (1.51)

g BTV (2 + Ly 0m)[y™h 0™ + np BTV (2 4 2,/50™) [y™ ! 0™]) H(1.52)

This equation is obtained by interchanging the places of the expectation and the max
in the Bellman equation. After the first iteration on (1.47) for a given x, all the
expectations are computed according to (1.48) on the subsequent iterations. This
procedure can be seen as a mapping taking E'V5 as an input and updating it. The
fixed point of this mapping can be found by a direct search procedure similar to the

one described in Section 1.5.1.3.

1.5.2.3 Gibbs sampler
Each bus i is observed over T; time periods: {z;, dt’i}tT;'I fori=1,...,1. The
parameters are 0 = («a,n,p, he); h, is fixed for normalization. The latent variables

T .
are {AV e} i=1,...,1.
AV =xr00 — o+ e — v+ Fri(0,€)

where
3
Fa(0,€) = B3 nj(E[V(wys + j — 1,¢,/50)|e: 6] — EVa(0))
j=1

The compact space for parameters O is defined as follows: «; € [—a, @], p € [—p, 7],

he € W hr], and 7 belongs to a three dimensional simplex. The joint distribution of

€r e
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the data, the parameters, and the latent variables is

P05 {wes, dii; AV, Et,i}ﬁﬁi =1,....,1)=
I T
p(9) H H[p(dt,z' |AV, )P(AV, il iy €15 O)P(we il we—145 dey s )Pl €14, o he)]
i=1 t=1

where p(6) is a prior density for the parameters; p(x; ;|1 ;; di—1,4;n) is given in (1.41)

and p(x14]o,4; doi;n) = 11y (21,;)—all the buses start with a new engine;

]_, if dtﬂ' = ]_, AVtﬂ' Z 0 or dt,i = 2, AVtﬂ‘ S 0
p(dii|AVy;) = (1.53)

0, if dt,i = 1, AVM <0or dt,i = 2, AVtﬂ; >0

P(AVii| T, €140) = exp{—0.5h, (AV:; — [1100 — a0 + € + Fi(0, et7z~)])f}.54)

Ao (AVei — [Tr00 — a0 + € + F1i(0, €))) (1.55)
h0'5

V2[R(7h?) — B(~7h)

(eralerri, 0) = he’? exp {=0.5h(er; — pei-14)’}
PR 2 = o @(e — per1 h0®) — (=€ — per_sih03)]

1E(Et,i) (156)

Gibbs sampler blocks

The Gibbs sampler blocks for AV, ;| ... will have a normal truncated distri-
bution proportional to (1.54) and (1.55), and also truncated to R™ if d;; = 1 or to
R~ otherwise. An algorithm from Geweke (1991) is used to simulate efficiently from

the normal distribution truncated to R* (or R™.) Acceptance sampling handles the

truncation in (1.55).
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The density for € ;| ... is proportional to

p(e | ) x exXp {—O.5h,,(AVtﬂ' — [.Tt,iOél — 9 -+ Gt,i + Ft’i(e, Etﬂ')])z}
e O([ — per—1.]h0) — ([~ — pe_1,]h0?)

1 57(AVy; — [wri00 — s + € + Fi (0, €0)])

exp{—0.5h (€1, — ,OEt,i)2 — 0.5he(€er; — pet_17¢)2} - 1p(€,)(1.57)

Draws from this density are obtained from a Metropolis step with a normal truncated
transition density proportional to (1.57). The blocks for €;; with ¢ = 0 and ¢t = T;
will be similar.

Assuming a normal prior N(p, h,) truncated to [—p, p],

exp {—0.5h, Y7, (AVyi — [zrion — ag + e+ Fri(0,€,4)])°}

plel--) T, 2(F — perr Jh0%) — B([—¢ — per s i0%)
: H 1[—?,?](Avt,i — [Tri01 — a0+ € + Fii(0,€)])
it
exp{—0.5h,(p — 7} - 15z () (1.58)

where h, = h, +3; Zf:z € 1, and p = E;l(hp;_) +hedy, 2522 €ri€-14). To draw
from this density I use a Metropolis step with a normal truncated transition density
proportional to (1.58).

Assuming a gamma prior s*h, ~ x*(df), truncated to (AL, hr],

(h | ) ~ exp {—O5h,, Zi,t(AVt:i - [xt’i(l/l — (g + €ti + Ft’i(e, et,i)])2}
P [T, ([ — per1,0h%%) — B([— — per_1.,]h0%)

. H 55 (AVy; — [mi00 — ag + € + F (0, €04)])
it

W2 exp {=0.55he} - L iy (Be) (1.59)

where df =df +3,T; and 5% = s> + 3, (ZtT;'z(et,i —per14)* + éfz) For this block,

I employ a Metropolis step with a truncated gamma transition density proportional
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to (1.59); draws from this density are obtained by acceptance sampling.

Assuming a Dirichlet prior with parameters (a1, as, as),

p(n|...) o« exp{—0.5h, Z(AVM — (w00 — as + € + Fr (0, €0)])% )

it
: H 1[—?,?](Avt,i — @00 — g+ € + Fri(0,€4)])
it

3
nj+a;—1

7 (1.60)

j=1

where n; =), 23;2 Ly (@i —21-1;). A Metropolis step with a Dirichlet transition

density proportional to (1.60) is used in this block.

plal...) x p(a)exp{—0.5h, Z(AVM — [rri0n — ag + e + Fyi(0,€04)])*}

it
I aalx[-aa(a) - H L_o)(AVyi — [mr01 — ao + € + F1 (0, €4)])
it

To draw from this density I use the Metropolis-Hastings random walk algorithm. The
proposal density is normal truncated to [—@, @] x [—@, @] with a mean equal to the

current parameter draw and a fixed variance. The variance matrix is chosen so that

the acceptance probability would be between 0.2 — 0.3.

1.5.2.4 Uniform ergodicity

The draws from the Gibbs sampler are used for approximating posterior expec-
tations by sample averages. Under certain conditions, the sample averages converge
almost surely to the posterior expectations and a corresponding central limit theo-
rem holds. Uniform ergodicity of the Gibbs sampler—a sufficient condition for these

results (see Tierney (1994))—is established by the following theorem.
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Theorem 1.4. Consider the Gibbs sampler with the following order of blocks at each
iteration: 1) (AV[HO™, €™ d, x), Vt,i;  2) (pm O™, €m AV d, x), (e F.),
(™)), (k) 8) (e;’fiﬂkm, oL AV Vi ) (AVZZHW’”“, €™t d, ),
Vt,i; where the blocks were described above. Block /) is redundant but simplifies the
proof. Assume that the support of vy, is sufficiently large relative to the support of
e and 0: ®(—h%D) < 0.25 and v > 2(u + € + BEV), where U is an upper bound on
the absolute value of the deterministic part of the per-period utility function, € is an
upper bound on the absolute value of €;;, and EV = [u+€+ 1+ 2h7']/(1 — B) is
an upper bound on the absolute value of the expected value function (see the proof.)
Then, the Gibbs sampler is uniformly ergodic. Thus, by Theorems 3 and 5 in Tierney
(1994), for any integrable (w.r.t. posterior) function z(AV,0,€) the sample average
Zn=1/n) 2(AV™ 0™ €™) converges a.s. to the posterior expectation E(z|d, x). If
E(2%|d,x) < oo then there exists a real number o2(z) such that /n(z, — FE(z|d,))

converges in distribution to N(0,0%(z)).

The theorem is proven in Chapter 2, Section 2.3. For the Gibbs sampler that
uses the approximations instead of the actual value functions the uniform ergodicity
holds in probabilistic sense. Suppose that the DP solving algorithm stops at iteration
n and that the Gibbs sampler uses the output from the DP solving algorithm up to
iteration n for approximating the value functions on all the subsequent iterations.
Then, this Gibbs sampler is uniformly ergodic with a probability that converges to
1 very fast as n goes to infinity. That is it becomes uniformly ergodic a.s. This

statement follows from the proof of Theorem 1.4 and the fact that the approximated
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expected value functions will be bounded by EV plus a small positive number with
a probability that converges to 1.

Most of the distributions in the described Gibbs sampler are truncated dis-
tributions. In practice, it is easier to use distributions with unbounded support and
ignore the truncation. To reconcile this with the theory, we could assume that the
truncation bounds are very large. Then, the Gibbs sampler that takes them into
account would produce the same results as the Gibbs sampler that does not: e.g.
simulating N (0,1) (or N(10%,10°)) truncated to (—1.7-103% 1.7 - 103%) will give the
same results as simulating N(0,1) (or N(10°% 10°).) Therefore, in the experiments

below, the truncation to the bounded parameter and state spaces is not enforced.

1.5.2.5 Algorithm parallelization

Opportunities for algorithm parallelization are abundant and it is a possible
subject for future work. Approximating the expectations of the value functions either
in the DP solving algorithm or in the Gibbs sampler is a very frequent and time con-
suming task. The computations of the expected value functions for different current
states are not interrelated. Thus, they could be computed simultaneously on differ-
ent computers/processors in the cluster. In designing a parallel implementation of
an algorithm, it is crucial to take into account the time required for communication
and data transfer between computers. As was indicated in Section 1.5.1.4 solving
the DP on several smaller random grids and combining the results is a very efficient

alternative to using one big random grid. If, in addition, different processors are used
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for solving the DP on each random grid, the performance would be increased consid-
erably since the need for data transfer between processors will be decreased relative
to just computing expectations simultaneously. In the Gibbs sampler, the volume
of data exchange between machines in the cluster could also be minimized. Each
processor in the cluster could be assigned to a part of the dataset. Then, simulating
latent variables pertaining to these parts of the dataset could be performed simulta-
neously by different processors and no data exchange is needed given that the current
parameters and the results of the DP solving algorithm are copied to the memory of
each computer in the cluster. In drawing parameters there is no need for transferring
all the latent variables and the corresponding expectations between computers. A
computer assigned to a part of the dataset could compute aggregates corresponding
to its part of the dataset and transfer only these aggregates to the computer that
performs drawing the parameters: e.g. in drawing p|... parts of the sum in (1.58)
could be computed by the computers to which the corresponding part of the sample
is assigned. The proposed parallelization scheme is relatively easy to implement, and

the potential gains in performance seem to be considerable.

1.5.2.6 Estimation for artificial datasets

Estimation was performed for two different artificial datasets. One artificial
sample consisted of I = 500 observations, the other one of I = 50. Each bus i is
observed T; € {1,...,200} months until the engine is replaced (if the engine is not

replaced at t = 200 the observation ¢ is censored, there were no such observations in
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simulated data.) As in Rust’s paper, the mileage is divided into 90 discrete intervals
corresponding to [0, 5000, ..., [445000,450000] miles. The parameter values used for
data generation were taken from Rust’s paper. The precision for the correlated unob-
served state variables h. was fixed: h. = h,, = 0.6, which roughly corresponds to the
precision of the extreme value distributed errors in Rust’s paper. The time discount
factor was equal to 8 = 0.999. Joint distribution tests did not reject the hypothesis
of correct implementation of the prior, the data, and the posterior simulators.

Table 1.3 shows the estimation results for six posterior simulator runs. The
first three runs (1-3) were produced for the sample of size I = 500, the other three
runs (4-6) for the sample of size I = 50. The length of each run was equal to 1000000.
Figure 1.8 illustrates the estimation results graphically. As can be seen from the fig-
ure and the table, the posterior distributions are tighter for the larger sample size.
This expected behavior is more pronounced for 7 than for the rest of the parameters.
There are some other respects in which the results are different for n. First, the
uncertainty about n seems to be much smaller than for the rest of the parameters.
Second, the acceptance rate for n was about 90%, which is quite high compared to
10-20% for p (for alpha it was about 27%, but it should not be compared with the
other two since it is affected by the preset variance of the MH transition density.)
Third, the amount of serial correlation in draws of n was insignificant, which resulted
in very fast convergence for 7. For the rest of the parameters the observations made
for Gilleskie’s model, such as large uncertainty about parameters and slow conver-

gence are unchanged. The most important reason for this difference seems to be a

www.manaraa.com



Table 1.3: Estimation results for artificial data
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Run ay a p M 2 3
1 -.0026 -9.65 .683 0.33925 | 0.63972 | 0.021033
2 -.0027 -10.36 703 0.33926 | 0.63971 | 0.021032
Post 3 -.0029 -10.35 .699 0.33927 | 0.6397 | 0.021032
mean | 4 -.0035 -9.82 649 0.34686 | 0.63296 | 0.020176
5 -.0036 -11.1 684 0.34692 | 0.6329 | 0.020182
6 -.003 -8.69 599 0.34681 | 0.63302 | 0.020176
1 .00099 1.56 .049 0.003814 | 0.003869 | 0.001156
2 .00095 1.66 043 0.003813 | 0.003868 | 0.001155
Post 3 .00101 1.68 .051 0.003816 | 0.003869 | 0.001156
SD 4 .00146 2.17 103 0.011592 | 0.011751 | 0.003421
5 .0015 2.89 104 0.011585 | 0.011734 | 0.003424
6 .00129 2.07 126 0.011589 | 0.011731 | 0.003423
1 .00026 774 .022 5.00E-06 | 4.92E-06 | 1.19E-06
NSE 2 .00024 903 .021 4.85E-06 | 4.81E-06 | 1.31E-06
for 3 .00026 .792 .024 4.54F-06 | 4.48E-06 | 1.27E-06
post 4 .00022 .466 .019 1.85E-05 | 1.87E-05 | 3.78E-06
mean | 5 .00025 817 024 1.79E-05 | 1.78E-05 | 4.36E-06
6 .00017 392 .020 1.75E-05 | 1.79E-05 | 3.80E-06
True -.003 -10 T 34 .64 .02
Prior N(-.0035, | N(—12,5%) | N(.5,10°) | Dirichlet | prior for n:
$.6.00,99] | a1 =34 | aa =64 | az3=2
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great deal of information that the data on bus mileage z;; contain about n. Informa-
tion about the rest of the parameters is mainly contained in the observed decisions
and obscured by the presence of a lot of latent variables. Thus, long posterior simula-
tor runs are also required for estimation of Rust’s model due to considerable amount
of serial correlation in the posterior simulator draws for the weakly identified part of

the parameter vector.

400 0.4
300 03
= 200 =02 .
100 0.1 Jk
0 0 i . —
-1 30 =20 10 ] 10
10 100
o 5 = &0
0 gl———
0.2 0.3 0.4
100 400
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@ &0f < 200
100
i} 3 . T i} = ‘7‘: e — P
0.4 07 08 0 Qo2 o004 006 008 0.1

Figure 1.8: Estimated posterior densities: solid lines for I = 500, dotted lines for
I =50. (a) ai, (b) ag, (¢) p, (d) m, (e) n2, (f) n3. The dashed lines are prior
densities. The vertical lines show the actual parameter values.

An attempt to decrease the amount of serial correlation was made. Instead
of drawing the correlated unobservables (e ;|€;—1, €414, ..) one at a time, I tried

to draw them in blocks (€t 4, €415 - - - 5 €tyi| €615 €ta1,5 - - -). For the blocks of size
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ty —t; + 1 = 2 the acceptance rate for the correlated unobservables dropped from
0.6 to 0.4 and the amount of serial correlation in the sampler did not seem to change
much. For the blocks of size t —t; + 1 = 5 the acceptance rate for the correlated un-
observables and p decreased to less than 0.001. Thus, grouping parameters in larger
Gibbs sampler blocks does not seem to work as a technique of decreasing the amount
of serial correlation in posterior simulator draws for this problem. Looking for other

techniques is a subject of future work.

1.5.2.7 Exact and approximate estimation

To evaluate the quality of the estimation results I conduct experiments on
the model with extreme value unobservables—the dynamic logit model. For this
model, the integration over the unobservables in solving the DP and in the likelihood
function can be performed analytically. The estimation method that integrates the
unobservables analytically in the likelihood and in the DP solution will be referred
below as the exact algorithm. The posterior simulator for this method also uses the
Metropolis-Hastings algorithm since the logit-like choice probabilities comprising the
likelihood function contain the expected value functions that can only be computed
numerically. The approximate algorithm will refer to the algorithm proposed in this
chapter. The Gibbs sampler for the approximate algorithm is the same as the one
for the Gaussian unobservables described in Section 1.5.2.3; except here the Gaussian
probability densities are replaced by the densities for the extreme value distribution.

Table 1.4 gives the estimation results for the exact and approximate algorithms.
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Table 1.4: Exact and approximate estimation results.

Run o a%) Uit 72 UE]

1 -.00228 -9.0721 | 0.34433 | 0.63394 | 0.021736

2 -.00247 -9.4999 | 0.34435 | 0.63392 | 0.021731

3 -.00203 -9.1815 0.3443 | 0.63397 | 0.021733

Post 4 -.00207 -9.2569 | 0.34433 | 0.63394 | 0.021732
mean 5 -.00229 -8.7955 | 0.34435 | 0.63393 | 0.021727
6 -.00241 -9.0610 | 0.34435 | 0.63392 | 0.021733

7 -.00229 -9.0519 | 0.34434 | 0.63392 | 0.02174

8 -.00231 -9.0797 | 0.34432 | 0.63395 | 0.021733

1 .00044 0.8538 | 0.006311 | 0.006399 | 0.001939

2 .00049 0.9795 | 0.006315 | 0.006403 | 0.001938

3 .00046 0.9681 | 0.006314 | 0.0064 | 0.00194

Post 4 .00047 0.9655 0.00631 | 0.006394 | 0.001932
SD 5 .00042 0.7790 | 0.006302 | 0.006396 | 0.001938
6 .00051 0.9789 | 0.006298 | 0.006395 | 0.001938

7 .00051 1.0028 | 0.006327 | 0.006412 | 0.001941

8 .00049 0.9680 | 0.006306 | 0.006396 | 0.001941
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Table 1.4 — Continued

1 .00015 0.3444 | 7.42E-06 | 7.31E-06 | 2.23E-06
2 .00019 0.4404 | 8.48E-06 | 8.12E-06 | 2.11E-06
NSE 3 .00007 0.1892 | 2.27E-05 | 2.10E-05 | 4.16E-06
for 4 .00007 0.2015 | 2.63E-05 | 2.36E-05 | 4.61E-06
post 5 .00005 0.1196 | 1.90E-05 | 1.74E-05 | 3.95E-06
mean 6 .00007 0.1957 | 1.82E-05 | 1.71E-05 | 3.88E-06
7 .00007 0.1926 | 2.11E-05 | 1.97E-05 | 3.93E-06
8 .00006 0.1776 | 2.04E-05 | 1.88E-05 | 3.81E-06
Prior N(-.003,.0017) | N(-10, 5) | Dirichlet | prior
ap =34 | a; =064 as = 2
Actual | param -.003 -10 .34 .64 .02

65

The experiments use an artificial dataset consisting of observations on I = 70

buses. Runs 1-2 in the table are the runs of the exact posterior simulator started

from different random initial values for the parameters. The length of runs 1-2 was

1000000. For the approximate algorithm three different realization of the random grid

for solving the DP were used. Each grid realization corresponds to a pair of simulator

runs: 3-4, 5-6, and 7-8. The random number generator was initialized differently for

each run. The length of runs 3-8 was about 500000.
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Figure 1.9 shows the marginal posterior densities for the parameters obtained

from the exact and approximate algorithms.
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Figure 1.9: Comparison with exact and approximate estimation algorithms. Esti-
mated posterior densities: (a) aq, (b) ag, (¢) m, (d) 12, (e) n3. The vertical lines
show the actual parameter values.The solid line shows the posterior for exact estima-
tion procedure, the dashed line — approximate estimation procedure

The densities were obtained by kernel smoothing over all available simulator
runs: 2 runs for the exact algorithm and 6 runs for the approximate algorithm. The
results in the figure and table above suggest that the approximation quality of the

proposed algorithm is very good.
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1.5.2.8 The role of serial correlation

67

In this section, I show how the presence of serial correlation in unobservables in

the data generation process affects the estimation results for the dynamic logit model.

For this purpose I use an artificial dataset simulated from the model with Gaussian

serially correlated unobservables described in this chapter (it will be referred in this

section as the true model.) Then, I use this data in estimation of the dynamic logit

model and the true model. The results are shown in the table below.

Table 1.5: Estimation results for the dynamic logit model and the model with Gaus-
sian serially correlated unobservables.

Run o Qg P M 72 3
Post logit | -.0009 -3.1431 39883 6273 0138
mean true | -.0028 | -10.7342 843 35887 6273 .0138
Post logit | .00065 0.2275 .012606 | .012703 .003
SD true | .00098 1.3262 061 012607 | .012719 | .003
NSE post | logit | .00001 .005 1.4E-05 | 1.4E-05 | 3.2E-06
mean true | .00006 0.1848 .019 2.0E-05 | 2.0E-05 | 3.8E-06
Actual -.003 -10.0 .85 34 .64 .02
Prior N(-.003, | N(-10,5%) | N(0.5,10°) | Dirichlet | prior
.0017%) $.t.[-.99,.99] | a; =34 |ax=64| a3 =2

From this table, it might seem that the presence of serial correlation in unob-
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servables produces the same effect as an increase in the variance of these unobservables
would. The utility function parameters are almost proportional for both cases. To
get more insight into the effects of serial correlation in unobservables, I compute the

posterior means of the hazard function for each of the models.

005

004+ y

03f JI* /_
#

Figure 1.10: The posterior means of the hazard functions. Panel (a)—the data gen-
erated from the model with the serially correlated unobservables, panel (b)—the data
generated from the dynamic logit model. The vertical axis is for the probability of
engine replacement, the horizontal axis is for the mileage interval. The solid line is
for the model with serially correlated unobservables. The dashed line—for dynamic
multinomial logit, the dotted line—data hazard.

As can be seen from panel (a) in Figure 1.10, the dynamic logit model would
underestimate the probability of the engine replacement for low mileage and consider-
ably overestimate the probability for high mileage if serial correlation is present in the
data generation process. Moreover, the shape of the hazard function is also different.
In the dynamic logit case, the hazard function is increasing, while for the true model
it is decreasing at first. Although the estimated hazard is noisy, the decrease at the

beginning was observed for several posterior simulator runs; thus it is not a result of
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the noise. For comparison, panel (b) shows the posterior means of the hazard func-
tions estimated from the artificial data that were simulated from the dynamic logit
model. In this case, the hazards for the dynamic logit model and for the model with
Gaussian serially correlated unobservables seem to be very close and have the same
shape. These results support the claim that the disparities in the hazards observed
in panel (a) are driven by the presence of serial correlation in the data but not by the
different distributional assumptions on unobservables: Gaussian vs. extreme value.
These experiment demonstrate that ignoring serial correlation in unobservables might

lead to serious misspecification errors.

1.5.2.9 Estimation for a real dataset

The data set is group 4 from Rust’s paper. It contains observations on 37
buses that could be divided into I = 70 individual spells containing one engine
replacement (or censored at the last observed z;), which gives > . T; = 4329 monthly
mileage/decision points. It takes about 50 seconds to produce 100 draws from the
posterior on a 2002 vintage PC.

To start the Gibbs sampler I used the parameter estimates from Rust’s paper.
The algorithm also works if the Gibbs sampler is started from a draw from the prior
distribution or from the zero vector for the utility function parameters o and the data
frequencies for the state transition probabilities n. The initial values for the latent
variables are adjusted so that the observed decisions are optimal. In particular, given

the parameter values, the serially correlated unobservables €,; are simulated from
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Table 1.6: Estimation results for data from Rust’s paper, group 4.

Run o o P T 72 73

1 -.00275 | -9.56 -.1763 40325 | 58388 | .012874
2 | -.00289 | -10.04 .0945 40325 | .58388 | .012869
Post 3 | -.00248 | -11.28 1545 40329 | .58385 | .012868
mean | 4 | -.00228 | -9.89 -.1000 40328 | .58385 | .012868
5 | -.00224 | -10.13 -.0526 40318 | .58395 | .012875
6 | -.00233 | -10.37 -.0573 4032 58392 | .012872
1 00123 | 2.4267 4229 00736 | .00739 | .001696
2 .00146 | 2.8896 2879 00738 | .00741 | .001694
Post 3 .00084 | 3.2330 4170 .0074 .00743 | .001693
SD 4 00075 | 2.5904 4871 00739 | .00742 | .001694
b} .00066 | 2.9959 4805 00737 | .00740 | .001694
6 00075 | 2.8908 4894 00738 | .00741 | .001694
1 .00027 | .6762 .0916 1.7E-05 | 1.6E-05 | 2.3E-06
NSE | 2 .00039 | .9795 .0451 1.7E-05 | 1.7E-05 | 2.3E-06
for 3 .00012 | 1.203 1175 1.9E-05 | 1.9E-05 | 2.4E-06
post 4 .00013 | .9552 1463 2.2E-05 | 2.1E-05 | 2.9E-06
mean | 5 .00008 | .9910 1225 1.5E-05 | 1.4E-05 | 2.2E-06
6 .00010 | .9460 1258 1.4E-05 | 1.4E-05 | 2.4E-06

Prior N(-.003, | N(-10, | N(0.5, 10%) | Dirichlet | prior
.0017%) 52) | 8.6.[-.99,99] | a1 =34 |ay =64 | a3 =2
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the corresponding AR(1) process. Then, AV, ; are adjusted to satisfy the observed
choice optimality constraints with a small margin. It is also possible to adjust €,
together with AV ;. If the initial values for ¢;; are not simulated from the AR(1)
process or if the starting value for p is far in the tail of the posterior, a procedure
similar to the simulated annealing might be helpful in starting the Gibbs sampler with
high acceptance rates: the acceptance probabilities for the parameters are multiplied
by a decreasing quantity on the first hundred iterations.

Estimation results for 6 posterior simulator runs are presented in Table 1.6
and Figure 1.11. The number of draws for each simulator run was equal to 1000000.
Three different random grids for solving the DP were used in these experiments (the
random grid is generated before the estimation procedure starts and it stays fixed
through the simulator run, Proposition 2.6 justifies using the same random grid at
each iteration of the algorithm if the number of the nearest neighbors is constant.)
One grid was used for runs 1-2, another one for runs 3—4, and the last one for runs
5-6. The random number generator was initialized differently for each run.

Convergence of the Gibbs sampler draws to the stationary distribution could
be judged by comparing the posteriors obtained for the same realizations of the ran-
dom grid. For all the parameters but p convergence was attained in all the runs.
Convergence for p was clearly attained only for runs 5-6. To reduce the role of the
MCMC slow convergence for p in evaluating the effects of the random grid on the
estimation results I combine the draws from the simulator runs corresponding to the

same realizations of the random grid. The three posterior densities corresponding
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to runs 1-2, 34, and 56 are presented in Figure 1.11. The figure and table above
suggest that only the estimation results for p are significantly affected by the random

grid realization. The results for strongly identified n are not affected at all.
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Figure 1.11: Estimated posterior densities for different grids: (a) aq, (b) ag, (¢) p, (d)
n1, () m2, (f) 3. The dashed lines are prior densities. The solid lines are posterior
densities averaged over all simulator runs. The dotted lines show posterior densities
averaged for runs 1-2, 3—4, and 5-6.

The qualitative results for p do not seem to depend on the grid realization.
The posterior distribution for p is bimodal. The higher mode is positive and located
at about 0.2, the lower mode is at about -0.6. The posterior mean is close to 0. The
posterior probability of p > 0 is in 0.54-0.66 range. Overall, there seems to be no

strong evidence that Rust’s assumption of no serial correlation in the unobservables
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is invalid.

A more objective criterion for studying the effects of the grid realization on
the estimation results would be to check how it affects conditional choice probabilities
or results of some policy changes. If the effects are still present then there are several
alternative ways to reduce them. The first one is to estimate the posterior densities
from several posterior simulator runs corresponding to different grids. This was done
for the experiment above and the resulting densities are shown by the solid lines in
Figure 1.11.

Increasing the size of the grid seems to be a more attractive way to obtain
better approximations for the posterior distribution. However, it would increase the
computational burden of solving the DP and approximating the expectations in the
Gibbs sampler. In both cases this burden can be ameliorated. As was described
in Section 1.5.1.4, solving the DP on several small random grids and combining the
results produces about the same approximation precision as solving the DP on one
big random grid. However, using several smaller grids requires much less time. To
speed up the approximation of the expectations in the Gibbs sampler a strategy
proposed by Keane and Wolpin (1994) could be used. In solving the DP, the authors
compute expectations using Monte Carlo integration only for a subset of states in
the discretized state space. For the rest of the states the expectations are computed
by interpolation. Such an interpolation function could be used for approximating the
expectations in the Gibbs sampler.

Chapter 3 presents another approach to estimation of dynamic discrete choice
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models that avoids the problem of estimation results dependence on the random grid
realization. The future expected value function can be seen as a function of the pa-
rameters, the current state, and the chosen alternative. Experiments in this chapter
showed that kernel smoothing does not provide sufficiently good approximations of
this function. It turns out that artificial neural networks do. The DP solving algo-
rithm presented in this chapter can produce very precise approximations of the value
functions as described in Section 1.5.1.4. It is not feasible to get such precision for a
million of parameter draws required to reasonably approximate the posterior distri-
butions. However, it is feasible for several thousand draws from a prior distribution.
These precise approximations can be used to train an artificial neural network before-
hand of the estimation procedure. Then this neural network can be used in the Gibbs
sampler for approximating the expectations of the value functions. Experiments in

Chapter 3 suggest that this indeed is a promising alternative.

1.6 Conclusion and future work
This chapter presents a method for Bayesian inference in dynamic discrete
choice models with serially correlated unobserved state variables. It constructs the
Gibbs sampler, employing data augmentation and Metropolis steps, that can success-
fully handle multidimensional integration in the likelihood function of these models.
The computational burden of solving the DP at each iteration of the estimation
algorithm can be reduced by efficient use of the information obtained on previous

iterations. A proof of the complete uniform convergence of the proposed DP solution
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approximations to the true values is obtained under mild assumptions on the prim-
itives of the model. In Bayesian analysis, inference results are often represented in
terms of posterior expectations. The chapter establishes the complete convergence of
the posterior expectations approximated by the proposed method.

Serially correlated unobservables are not the only possible source of intractable
integrals in the likelihood function of DDCMs. The Gibbs sampler algorithm can be
extended to tackle other cases as well. First, missing observations could be handled
by data augmentation in this framework. An example of that is different observation
frequencies for different variables in a dataset, e.g. HRS interviews are conducted
biannually but the attached data from the Social Security Administration and Medi-
care records are available monthly or even daily. Also, adding a macro shock or a
cohort effect into a model is equally easy. It would amount to adding another block
in the Gibbs sampler.

The method is experimentally evaluated on two different dynamic discrete
choice models. First of all, estimation experiments show that ignoring serial correla-
tion in unobservables can lead to serious misspecification errors. Second, parameters
in DDCMs are often weakly identified. In Bayesian inference, uncertainty about pa-
rameters is treated explicitly. This advantage of Bayesian methods seems to be very
important for DDCMs. Since the proposed estimation method allows for serial corre-
lation in unobservables and accounts for uncertainty about parameters, its application
is likely to improve the reliability of the answers to the policy questions that a DDCM

can provide.
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There are several directions in which the method could be improved. First,
the amount of serial correlation in posterior simulator draws is very large. Thus,
long posterior simulator runs are required for exploring the posterior distributions.
Developing strategies for decreasing the amount of serial correlation in the Gibbs
sampler draws is an important area for future research. Due to the high computational
demand the method is implemented in C. Application of parallel computing seems to
be a fruitful way to achieve higher performance of the method in the future.

Experiments with the DP solving algorithm led to a discovery of several sig-
nificant practical improvements in the algorithm. First, the approximations of the
expected value function obtained for fixed parameters and different realizations of the
random grid behave as if an analog of a CLT with respect to the size of the random
grid holds. This suggests that solving the DP on several small random grids and
combining the results is a very efficient alternative to using one large grid. Theoret-
ical justification of this observed improvement in the algorithm performance could
be a subject of future work. Second, a difference of expected value functions can
be approximated by the DP solving algorithm with a much higher precision than an
expected value function by itself. This is taken into account in the construction of
the Gibbs sampler. As a result, the realization of the random grid on which the DP
is solved does not seem to seriously alter the results of estimation even for small grid
sizes.

The flexibility of the framework and extensive experimentation were crucial

for making the proposed approach successful. Nevertheless, combined with efficient
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DP solution strategies, standard tools of Bayesian analysis—Gibbs sampling, data
augmentation, and the Metropolis-Hastings algorithm—seem to be very promising in

making more elaborate dynamic discrete choice models estimable.
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CHAPTER 2
PROOFS OF THE THEORETICAL RESULTS

2.1 Lemmas

Lemma 2.1. Given € > 0, there exist 6 > 0 and T such that for any § € ©, s € S,
andt >T:

P(|AL (0, 5)| > &) < e—éﬁ(t)N(t—N(t)) < 05617 91
1

Proof. Fix a combination m = {m1, ..., mg} from {{=N(¢),...,t—1}. Assumption
1.7 defines X (w'™1,0,s,d,m). Since the importance sampling weights are bounded

away from zero by f > 0 (see Assumption 1.4),

(X (w =19 s ,d,m) > €
N(t)N(mz)

c |33 Wemsi0) — BIV(:0) | 5, DS (sm |5, 0)/g(™0),
== SO N(m,) infp o0 f(5']5,d;0)/9(s")
[ M) N(mi)

= |ZZ (s™9:0) — E[V(s':0) | 5,d;6]) f(s™

i=1 j=1

s,d;0)/g(s™)| >

Y Nm) (22
Using (2.2) and then applying Hoeffding (1963)’s inequality we get
P(X(w"! 9 s, d m) > €)

< P |Z Z §"9:0) — E[V(s';0) | 5,d;0)) f(s™ | s,d;0)/g(s™)| >

=1 j=1

éf > N(m;)| <2exp = (2.3)
where a and b are correspondingly the lower and upper bounds on

(V(s™9;0) — E[V(s;0) | s;0]) f(s™7 | 5,d;0)/g(s™). Hoeffding’s inequality applies
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since 5™/ are independent, the summands have expectations equal to zero:

mi,J. —F /. . mi,J . . .
/ (V(s™9:0) — B[V (s ,0)4 | 5, 0)f(s™ | 5,d; 9)g(smi,1)d8mm —0 (2.4)
g(sm7)
and a and b are finite by Assumptions 1.1, 1.3, and 1.4.

Since N(.) is non-decreasing, (2.3) implies

P(X (w1, 0,s,d,m) > & < 2exp {%N(t)ﬁ(wi - N(t))}

— 2exp {—451(7(15)1\7@ - N(t))} (2.5)

where the last equality defines § > 0.

Since |A%(0, s,d)| < max,, X (w'™1,0,s,d,m):

P(|AL(0,5,d)| > &) < Plmax X (w1, 0, s,d,m) > ¢

= PUnX(W'""0,5,dm)>¢) <) PX(w™,0,sdm)>d

< 2exp {~ 45N ()N (t ~ N (1)} 50 = ]ét()t!))w(t)! (2.6)

where the summation, the maximization, and the union are taken over all possi-
ble combinations m and N(t)!/((N(t) — N(t))IN(t)!) is the number of the possible
combinations.

Assumption 1.6 and Proposition 2.8 show that 37 such that Vt > T,

o N(1)! o
exp {—45N(t)N(t - N(t))} N N SO {—26N(t)N(t - N(t))}

(2.7)
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Finally,

PAL0.9)| > 8) = Plmax| 430, 5.d)] > &) = P(Usepl| AL(0. 5.d)| > @)
< card(D)2exp{—20N(t)N(t — N())},Vt > T
< exp{—dN({)N(t — N(t)},Vt > T > T (2.8)
where such T} exists since card(D)2 exp{—dN(t)N(t—N(t))} — 0. The last inequality
n (2.1) follows since N(£)N(t — N(t)) > ¢ — ¢~ > 0.5t for any ¢ larger than

some 1" > T5.

O

Lemma 2.2. Given € > 0, there exist 6 > 0 and T such that for any 0 € ©, s € S,

andt>1T:
P(|AL(0, s)| > &) < e I WNO-N() < (=050 (2.9)
Proof.
[|N@ )
AL, s,d)] > €] = [ ) (V(s¥7;0%) = V(s*7;0)) Wi, ju(s, d, 0)] > é
=1 j=1
[N N
c ZZ V(%7 0%) — V(5507 0)| Wy, (s, d, 0) > €
i=1 j=1
C [Fki, g |[V(s*;0%) — vV (sh7;0)| > €] (2.10)

Since V(s;6) is continuous, and © x S is a compact, 30; > 0 such that ||(sy,6;) —

(52,05)|| < 0c implies |V (s1;61) — V(s9;65)| < & Therefore,

[Elki,j S|V (P 0RY — V(sh0)| > €}

C [Fks g (859, 0%) — (s59,0)|| > 0 = [Fks - ||0% — 0] > 0] (2.11)

www.manharaa.com




81

Because k; are the indices of the parameters from the previous iterations that are the

closest to 0:
[Fk; : ||9k’ — 0| > 5g]

C Vie{t—=N{),. ...t =1} \{k1,... . kgt : 167 — 6] > o]
N(6)-N(1)

c U N {||9jm—9||>5g] (2.12)

(Jla7‘7N(t)_1\'](t)).7m€{t_N(t)$at_1}7m¢l:>.7m¢.7l m=1

Fix some (ji, ... 7-jN(t)—]\7(t))7 then by Assumption 1.5:
P([lle" = 0] > del|w )
= 1= P([|0"" = 0] < ][’ ") < 1= OA[B;.(6) N 6]
< 1—6[6:/J%%) = exp{—4(—0.251og(1 — 8[0:/J2 )N} =% (2.13)
where the last equality defines § > 0, Jo is the dimensionality of rectangle ©, B (.)

is a ball in 7. Tt holds for any history w’=~'; thus for fixed (ji, ..., jxw_m@)

N(t)—N(t) i
Pl N [||ejm — 0] > 8| | < e O-N@) (2.14)

m=1

Since the union in (2.12) is taken over N(t)!/(N(t)!(N(t) — N(t))!) events

r [|Aé(.’£,9, 6)| > €:| < 3_45(N(t)—]\7(t)) _ N(t)' ~
N(OUN(E) = N(1))!
< e HNONI) vy > T (2.15)

where the second inequality and existence of T5 follows from Assumption 1.6 and

Proposition 2.8. Finally,
PAY6,5)| > &) = Plmax|44(6,5,d) > &) = P(Usepl| A5(6, 5,d)| > &)
< card(D)e‘z‘s(N(t)_N(t)),‘v’t > T

< WNOND) vt > Ty > T, (2.16)
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where such Ty exists since card(D)e *N®=N®) _ (. The last inequality in (2.9)
follows since N(t) — N(t) > [t" — [t72] > t" — 1 — ¢ > 0.5¢" for any t larger than

some T' > T5. O

Lemma 2.3. Given € > 0, there exist 6 > 0 and T such that V0 € O, Vs € S, and
YVt >T:

P(|AL(0, 5)| > &) < e (2.17)

Proof. First let’s show that for any positive integer m, V6 € ©, and Vs € S

5 et )
AL, s) < —— max max A (6%, s) ) + 2.18
s(:5) 1L — B li=t-mN@®t-1 \j=1,8() il ) (2.18)
max < max AL (60", s J))} + /™ max ( max AL(6', Si’j)>
i=t—mN(t),t—1 j= 1N(1) i=t—mN(t),t— j= lN(z)
By definition
N(t) N (k)
AL(8, s,d) Z shids gkey — V (sR0; R S (s, d, 6) (2.19)

=1

i=
Since maxgy a(d) — max, b(d) < maxg{a(d) — b(d)}
VR (540 65) = V(s )
kig (ki) 1. gki kig . gki
|glea5<{u(s ,d) + BEWI[V (/508 | s, d; 0 ]}
_ kij 1. ki kij . ki
max {u(s59,d) + BEIV (s36) | 9, d: 0]} |
< [max {ﬁE(ki)[V(S';Gki) | 557, d6%]] — BE[V (s 0%) | s*7, d; 9ki]} | (2.20)
€

From (2.20) and definition of A!(.) given in Theorem 1.1,

|Vki(ski7j; ekz) . V(Ski,j; ekl)

< Bmax (A¥(08 M d) + AR (68§49 d) + A% 559, d))

- deD

S B (A, $59) + AR (8 59) 1 AL (0, 559)) 221
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Combining (2.19) and (2.21) gives:

N(t) N (k)
A0, s,d) < B D (A8, k) + AF (0% sMT) + AB(0%, $M)) W, (s, d, 6)
i=1 j=1
< [ max ( max A%(6, s )) + /4  max ( max A5(6, s 7))
i=t—N(t),t—1 \j=1,N(i) i=t—N(t),t—1 \j=1,N(i)
+ A0, 5™ 2.22
o, e, (o, 4009 (222

where the second inequality follows from the fact that Vi € {1,...,N()}, k; € {t —
N(t),...,t—1} and the weights sum to one. Since the r.h.s. of (2.22) does not depend

on d:

A4(0,s) < B max ( max A’ (6, si’j)) + (2.23)

i=t—N(t),t=1 \ j=1,N(3)

max ( max AL (6', s’j)) + (4  max ( max A6, s’j))

i=t—N(t),t—1 \ j=1,N(i) i=t—N(t),t—1 \ j=1,N(i)
To facilitate the description of the iterative process on (2.23) that will lead to (2.18)

let M(t,0) =t and M(t,i) = M(t,i— 1) — N(M(t,i — 1)), then

AL0,s) < B max (max A(9 ‘)>+ﬂ max (max A(g st)y‘))

i=t—N(t),t—1 \ j=1,N() i=t—N(t),t—1 \ j=1,N()

2 max

i=t—N(t)—N[t—N(t

max A’ (6" ”))

J=1LN ()

+32 ( max A5 (0 ’J)>
i=t—N(t)— N[t N(t j=1,N(:)

2 max AL(0", 5" )>

i=t—N(t)— N[tN j=1,N(:)

< k ’L',j i,j
< Zﬂ L:Mn(%%{’t_k< max A% (0, )) +i=Mn(55)(,t_k< max Ab(6', )>]

1 J=1N(i) 7=1,N (i)
+8™m max max A%(6" si’j) 2.24
’ i=M (t,m),t— (g 1N (3) sl ) ( )

from which (2.18) follows since Y -, f¥ < 3/(1 — 8), and M (t,m) >t —mN(t) Ym
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Inequality in (2.18) is shown to hold for any m. Let m(t) = [(t — t7°)/N(t)]
([x] is the integer part of z.) and notice that M(t,m(t)) > t — m(t)N(t) > t.
Since A4(6¢,s%7) is bounded above by some A3 < oo (utility function and state and

parameter spaces are bounded):

P[lA5(0,5)| > €]
< p[L{ max ( max A% (0", ’)) +
- 1= f Li=t-m@®ON®)t-1 \j=1,N()

max (max Az(@Z ’j)>}
i=t—m ()N (t),t—1 \ j=1,N(i)

+3m®) max < max AL(0', s )) > €]

i=t—m(t)N(t),t—1 \j=1,N(:)

<P { max < max Al (6, i,j)) - é(1 —5)}

i=t—m(t)N(t),t~1 \ j=1,N(i) 303

+P{ max (max Al iﬂ')) > g(l_ﬁ)}

i=t—m(BN(E),t—1 \ j=1.8 (1) 30

+P |:ﬁm(t)/_l3 > §:|
t—1 N(i)

< Y Z{[ "')>¥]+P[Ag(0i,sm)>g(13—;6)“

i=t—m(t)N(t) j=1
The last inequality holds for ¢ > T3, where Tj satisfies P(3™" A3 > €/3) = 0, Vt > T.
Such T3 exists since m(t) — oo.

Since t —m(t)N(t) — oo, by Lemma 2.1 and Lemma 2.2, exist 6; > 0, dy > 0,

Ty, and Ty, such that for V& > max(7y, 75, T3):

t—1
P(JAL(0, )] > ¢) < N(z) [e—élN(i)N(i—N(i)) + e—éz(N(i)—N(i))] (2.25)
i=t—m(t)N(t)

Proposition 2.9 shows that exist 6 > 0 and 7} such that the r.h.s of (2.25) is no
larger than exp(—0t77"), V¢ > T,. Thus, setting T" = max(T, T, T3, Ty) completes

the proof. O
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2.2 Extension to the uniform convergence

First, note that the approximation error is not a continuous function of (0, s).
Thus, we cannot apply the standard results to show the measurability of the supre-
mum of the approximation error over the state and parameter spaces. Proposition 2.1
and Proposition 2.3 can be used to establish the measurability in this case. Below,
Lemma 2.4 shows that a uniform version of Lemma 2.1 holds given extra Assumption
1.7. Lemma 2.5 shows that a uniform version of Lemma 2.2 also holds. A uniform
version of Lemma 2.3 holds trivially since the right hand side of the key inequality
(2.18) does not depend on (6, s). Theorem 1.2 follows from the uniform versions of

the Lemmas in the same way as Theorem 1.1 follows from Lemmas 2.1-2.3.

Proposition 2.1. Let f(w,0) be a measurable function on (2 x ©,0(A x B)) with
values in R. Assume that © has a countable subset © and that for any w € Q and
any 6 € © there exists a sequence in ©, {0,} such that f(w,0,) — f(w,0). Then,
SUPgpeo f(w, 0) is measurable w.r.t. (2, A) (the proposition can be used to show that
the supremum of a random function with some simple discontinuities, e.q. jumps, on

a separable space is measurable.)

To apply the proposition for establishing the measurability of the supremum
of the approximation errors, let the set of rational numbers contained in © x S play
the role of the countable subset ©. Proposition 2.3 shows that for any given history
w1 and any (6, s) it is always possible to find a sequence with rational coordinates

(6,,) — 6 such that for all n, (6,) and # have the same iteration indices for the nearest

neighbors. For a given history w!™!, the approximation error is continuous in (0, s)
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on the subsets of © x S that give the same iteration indices of the nearest neighbors.
Using any rational sequence s" — s gives f(w, (H:S)n) — f(w, (0, s)) required in the

proposition. Thus, the supremum of the approximation error is measurable.

Proof. First, let’s show that for an arbitrary ¢

Useo[f(w,0) > 1] = Upeo[f(w,0) > 1] (2.26)

Assume w; € Ugeo[f(w,8) > t]. It means there exists ¢; € O such that f(wy,6;) > t.
By the theorem’s assumption El{én} such that f(wl,én) — f(wi1,61). Then, In,
flwi,0,) > t. Thus, wy € Upeg[f(w,0) > t] and (2.26) is proven.

Note that [supgeg f(w,0) > t] = Usco[f(w,0) > t] = Upeglf(w,8) > t] is a

countable union of sets from 4 and thus also belongs to .A. O

Lemma 2.4. Given € > 0, there exist § > 0 and T such that ¥t > T

P(Oes@upes 1410, 5)| > &) < e~ INON(E=N@®) < ,—0567 (2.27)

Proof. Fix a combination m = {my,...,mgq} from {¢t — N(¢),...,¢ —1}. Assump-
tion 1.7 defines X (w'™1,0,s,d,m). By Assumption 1.7, {X (w'™%,0,s,d,m)} i1 are
equicontinuous on © x S: there exists 6(€) > 0 such that |[(61, s1) — ((0, $2))|| < 6(¢)
implies | X (w'™1, 0y, 51,d,m) — X (w1, 0y, 59,d, m)| < €/2. Since © x S is a compact
set it can be covered by M balls: © x S C UM, B; with radius S(E) and centers at

(0;,s;), where M < oo depends only on €. It follows that

[sup X (W1, 0,5,d,m) > & = Uy [X (W', 0,5,d,m) > ¢ =
0,s

UM, Upsyen, (X (W1, 0,s,d,m) > ¢ (2.28)
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Let’s show that
U(g,s)eBi[X(wt_l,G, s,d,m) > & C [X (w1, 0;, 8,d,m) > g] (2.29)

If W™ € U gen [X (w1, 0,5,d,m) > €], then 3(0*, s*) € B;(6;,s;) such that
X(wi=t, 0%, s*,d,m) > & Since |[(6*,s*) — (6;,8)|| < 8(6), X(w'™,6;,58:,d,m) >
X(wit, 0%, s*,d,m) — €/2. This implies w!™ € [X(w'™,6;, s;,d,m) > £].

Since supy , [A} (6, s, d)| < maxp, sup, , X ('™, 0, s,d, m):

P(sup | AL(0,5,d)| > &)
0,s
< Plmaxsup X(w'',0,5,d,m) > & (max is over all possible combinations m)
mo 9.
< P(Uplsup X (w1, 0,s,d,m) > ¢
0

S

< ZP[S;lSpX(wt_l,H,s,d, m) > €|

< 3 PUMLX (W 6, 55, dm) > %D (by (2.28) and (2.29) )

< M

N(t)! o
Vo v { N ONe - N} (230

where N(t)!/(N(t) — N(¢))IN(¢)!) is the number of different combinations m and
2exp{—46N(t)N(t — N(t))} is the bound from (2.5) in Lemma 2.1. From the last
inequality, the proof follows steps of the argument starting after (2.6) in the proof of

Lemma 2.1. O
Lemma 2.5. Given é > 0, there exist § > 0 and T such that ¥t > T

P(sup |AL(0, s)| > &) < e dNO-NW®) < =050 (2.31)
0,s
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Proof. From Lemma 2.2

[|At2(9, s,d)| > é}
N(t)—N(t)

c U N [||9fm — 9| > Sg] (2.32)

(i gy 1)) Im €L =N ()t =1} mA= jm#Ajy m=1

This implies that

[Sup | AL(0, 5, d)| > e} =J[]44(0,s.d)| > ¢] (2.33)
0,s 0.5
N()-N ()

< U U 167 01| > &

0€0 | (G1min ey m(0)) Im EXE =N () oot =1} mAl=jim#Ajy m=1

Since © is a rectangle in R7® it can be covered by a finite number of balls with radius

vl S

© C UM B(6;), M = const - (6;/2)"7® (2.34)

Let’s prove the following fact:

N(t)- 3 N(t)—N(t)
U ﬂ [||0jm—e||>ag}c N ¢ B©) (2.35)
0eB(9;) m=1 m=1

Assume w'™! € (ﬂN(t Digim ¢ B(6 )])c Then Im such that ¢’ € B(0;).

It follows that V6 € B(6;), 367" : ||#im — 8| < bz. Thus, w'~! belongs to the following

set:
N(t)—N(#) i N(t)—N(t i ¢
N U [lee-ai<s]=| U n [||ejm—e||>ag] (2.:36)
0eB(9;) m=1 0eB(6;)

Therefore, the claim in (2.35) is proven.

By the same argument as for (2.14) from Lemma 2.2, we can establish that

N(t)-N(t) )
Pl () [ ¢B6)] | <ePNOND (2.37)

m=1
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for some positive 9.

From (2.33), (2.34) and (2.35)

sup | 446, 5. )| > }

0,s
M [ N(t)—-N()
C U Ul () ¢ B (238
(Lresdin () — 5 (1)) Tm ELE =N (1) oot =1} mAl = jm A5y 1=1 m=1

Using (2.37) and (2.38) gives

| -
P |sup |A4(0,s,d)| > 6] < = N(D)! - Me¥NO=-N®) (2.39)
0,5 NN (t) — N()!

The rest of the proof follows the corresponding steps in Lemma 2.2.

2.3 Convergence of posterior expectations
and ergodicity of the Gibbs sampler

Proof. (Theorem 1.3.) First, let’s introduce some notation shortcuts:
r=r(0,V, e F(0 )

F=r(0,V, e EF"0,¢))

Iy = lo( (H 1n( etz dtz|vtz ) (H 1[—1/1/ (0, Viis € zath(e 6tz)))>

it itk
i{} = 1@ (H 1E Etz dtz|vtz ) (H 1[—1/1/ 0 Vtzaetza “(9 6”))))
itk
/h(@,V,e)d(H,V,e) = /h
T- 1{}
—p(97vv 6,F|d,l‘) - fr—l{}
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p=p0,V,¢ Frld,z) = ——

The probability that the approximation error exceeds € > 0 can be bounded by the

sum of two terms:

PH/h-p—/h-ﬁ‘>g]gP(||F—F||>5F) (2.40)

wp (I [no= [0a|>cnnir-Fi <) (2.41)
where ||F — F|| = sup, g4 |F'(s,0,d) — F(s,0,d)| and F(s,0,d) is the expected value
function (or the difference of expected value functions, depending on the parameter-
ization of the Gibbs sampler) and Fis the approximation to F from the DP solving
algorithm on its iteration n (fixed in this proof.) I will show that for a sufficiently
small dF > 0, the set in (2.41) is empty. Then, by Theorem 1.2, the term in (2.40)

can be bounded by z, corresponding to dp.

{foo-fus

m—M>smm@mMF—ﬁns%]

C -9 e/(2|lh
([/i{}zl{} |p p|> /( || ||)
U — D e/(2||h

([/i{} . |p p| > /( || H)

Let’s start with (2.42):

(!/ p— 8 > /2l
=1y

> €] N|IF — F|| < 6]

C

NIF = Fl| < 5F]> (2.42)

mmF—FHS&O (2.43)

ﬂmF—FHS%O

A

T 9

T
| - >
/i{}=1{} Jr-lg o Je-dg o 2l

NIF — F|| < 6]

[ T
ety [T 2lAlA

]ﬂmF—FHﬁﬁﬁ (2.44)
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where \ < 0o is the Lebesgue measure of the space for the parameters and the latent

variables. For dg, € (0, [r-1g):

T T 9

| -—I> —| N[I|IF = F|| < 6¢] =
[f?"'l{} [r-dg 2[RlX

NIIF — F|| < 6]

[
Jrelg  [r-1n " 2lA[A
N H/T-l{}—/f~i{}‘ >5Sp:|> (2.45)
r r € -
I - > =|N[IF - F|| <0F]
U([ Jrety  Jeoly o 2l

ﬂH/r-l{}—/f-i{}‘S(SSp}) (2.46)

By Proposition 2.2 for g, there exists 0} > 0 such that [| [r- 1 — [+ 1| > bs,) =

(. Thus, (2.45) (the whole two-line expression in parentheses) is the empty set for

any 0p < 0k. Now, let’s work with (2.46) (again, both lines in parentheses.)

[ T ||r||-|f7”'1{}—ff'i{}|+IIf—T|I
Jrolg  [rlg T Jrolg-[r-1y [i-1g
Il - fr-1g = [7-1g] |7 — 7|

IN

T 2.47
Jr-lg-(fr 15 —dsp) f?“'l{}—58p( )

This inequality shows that (2.46) is a subset of the union of the following two sets:

el | [r-1y — [7- 1] o€
Jr-lg-(f [r-1g —0dsp) = 4]|A|[A

Allr=Fl < seln|| [ o1 = [ 70| < 0)
(2.48)

and

r—r € - 59
[t gigleoo-mssi o= ] o
P
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I will show that both of them are empty for sufficiently small . By Proposition 2.2

there exists 0% > 0 such that

{U}JQ—/ﬁﬁ4>&f”HYUWHVWM 0

AllR{IA ]l

whenever ||F — F|| < 6%. Therefore, (2.48) is equal to the empty set for 6z < 0%.

Since 7 is continuous in components of F', there exists 63 > 0 such that

I ol < ST 0o
AN

whenever ||F — F|| < §%. Therefore, for 6p < 6%, (2.49) is equal to the empty set
and so is (2.46). Thus, so far we showed that (2.42) is equal to the empty set for
dp < min;_; »3(6%).

Now, let’s work with (2.43). Note that

/‘ =l < ( ||7|] N UTU X/‘ 1< ||7|] N ||7]] X/ )
in#1g Jre1g J7-1n7 iy Jr-lg Jr-lg—dsp in#1g

Thus, (2.43) is a subset of the following set:

(l/ Ip— 5> </ Al
lo7lo

/ 1> c
121 2||h||( [l + 171l )
07y T Tr

ﬂWF—FHS%O

- N|IF — F|| < 6] (2.50)

Using the same argument as the one starting from (2.54) in Proposition 2.2, I can
show that there exists 0% > 0 such that Vo < %, (2.43) will be the empty set.

Setting 0F = min;—1 234{d%} completes the proof of the theorem.
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Proposition 2.2. For any € > 0 there exists dp > 0 such that

[HF_FH<5F]ﬂH/TA'i{}—/T'l{}‘>€}:@ (2.51)

Proof.

[fro-fenf] < [frio-rnss:

C [/ 71y —r-1g) >g/2] (2.52)
Lg=1g

U [/ [Pl =71yl > 5/2] (2.53)
1n#ln

Let’s show that the intersection of (2.52) and [||F — F|| < 5] is the empty set for a

sufficiently small dp.

[/ |f’-i{}—r-1{}|>€/2] C [/ |f’—r|>5/2] C[||7’A—r||>€/(2X)}
lg=ly lg=ly

where A < 0o is the Lebesgue measure of the bounded space for the parameters and
the latent variables on which the integration is performed: Ox Ex...x EXV x... XV,
where V. C R is the space for the alternative specific value functions V,4,. By
Assumption 1.8, r is continuous in components of F. Thus, 365 > 0 such that
|F — F|| < 0k implies ||# — r|| < £/(2X), which means that the intersection of (2.52)
and [||F — F|| < 6] is the empty set for Vép < 6k

Let’s show that the intersection of (2.53) and [||F — F|| < 6] is the empty set

for a sufficiently small 6p. First, note that

[ eig=reagi <+ [ (250
o7y lo#1lg
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where ||r|| < oo and ||#|| < 7 < oo for any F' (everything is bounded in the model.)

Thus,

[HF—FII<5F]FWU Ay =1 1p] > ¢/2
1p#ly

071l
= (IIF = Fll < dp) N [Allg # 1g] > e/ @(Ir] + [17]])] (2.55)

C [IIF — Fl| < é7] N [/1 1> /(7] + [171]))

where A(.) is the Lebesgue measure on the space of the parameters and the latent
variables.

By Assumption 1.8, ¢ is continuous in components of F'. Thus, for any J, > 0
there exists dp(d,) > 0 such that ||F — F|| < 0p(8,) implies maxy, ||gx — qi|| < 6.
On the space of the parameters and the latent variables (these are not subsets of the

underlying probability space):

(0, V,6) : 1y # 1] € 10V, €) : a0, Vi €14, Fri) € By, (9) U By, (=7)]  (2.56)

itk

if [|[F — F|| < 0p(8,). To prove this claim assume Vi, t, k qi(6, Vis, €14, Fri) ¢ B;,(v)U
Bs,(=7). So, the distance between g; and the truncation region edges —7 and 7 is
larger than §, for all 4,¢, k. But then, since ||Gx — qx|| < dq, i{} = 15 and the claim
(2.56) is proven.

Note that

lim A\ (U [(0, V, 6) : qk(e, Vt,i; €t,i5 AFt’Z) c ng (D) U ng(—ﬁ)]) (257)

6q—0
4 itk

< Jlimo A0, V,€) : qi(0, Ve, €4, Fri) € Bs,(7) U By, (—7)]
itk

= Z M0,V €) : @10, Viis €14, Fri) € {7, —7}]

itk
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where the last equality holds by the monotone property of measures (the Lebesgue

measure in this case) and by the fact that N5, ~olqx € Bs, (V)] = [qx = 7).
By Assumption 1.8, A[(0,V,¢) : g = 7] = A(0,V,¢) : ¢ = —V] = 0.
Therefore, the limit in (2.57) is equal to zero and there exists J; > 0 such that if

|F — F|| < 6¢(5%) then

Allg # 1g] < /@I + 117(]))

So, Vo € (0,0r(5;)] the intersection of (2.53) and [||F — F|| < 7] is the empty set.

Setting dp = min{dx(0;),0p} completes the proof of the proposition. O

Proof. (Theorem 1.4)

Consider the following uniform probability density:

g(AV.0.¢) = c-1lo(0) [[[1elens) - p(diil AVLs)

it

'1[—v,v](AVt,z’ — [rrion — oo+ e + Fri(0,€4)])] (2.58)

where ¢ is a normalization constant. The corresponding probability measure is de-
noted by Q(.).
Let’s show that the transition probability measure for the Gibbs sampler sat-

isfies the marginalization condition w.r.t. Q(.):
P((Y™rL gmtt emty e AV™ 0™ €™ d, x) > bQ(A), YV, 0™, €™

where b > 0 is a constant. Then, the uniform ergodicity follows from Proposition 2

in Tierney (1994).
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P((VH, g7 mtly € AV gr e d, ) (2.59)
= / / [[pavytem, e, d, x)
Rx.xRJA 7} ’
p(pm—l-lwm7 Em, Avm—l—l7 d, 33) 'p(am+1|pm+1 m’ hT, ’A]}m—l-l’ d, (E)
p(nm+1| . hm+1| Hp +1|

[[pavyttemt emt q, x) d(AV, 0™ em AP
[

where p(.].) are the densities for the Gibbs sampler blocks. Even though the Metropolis-
Hastings is used in the blocks, the densities can be expressed by using the Dirac delta
function (see, for example, chapter 4 in Geweke (2005).)

Given the assumptions on the support of 14, let’s show that there exist 6; > 0
such that AV,; € [—d1, 1] implies (AVy; — [zr00 — ag + € + Fr (0, €4)]) € [—7, 7],
V6, e. It was stated in the formulation of the theorem that EV is an upper bound on
the absolute value of the expected value function. Note that an upper bound on the

expected value function EV* exists. Let’s show that it is no greater than EV.

ENV(s0)l;lls,d; 6] = Elmax{orz + e+ SE[V(s";0)|s', dy; 0],
az + v+ BEV (5" 0)|s', do; 0]} ]

< u+e+ Elv|]+ BEV (2.60)

It was also assumed in the theorem that ®(—7) < 0.25, which implies E[|v|] <
1+ E[v?] <1+ 2h;!. Since (2.60) holds for any (s,d,0):

ute+(14+2nY  —
<l =F
1-3 v

Evub S
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Therefore,
[z 00 — o + €+ Fri(0,6)]] < 2(w+e€+ BEV)
Let 8, = U — 2(u + € + BEV), which is positive by the assumption of the theorem.

Thus, for |[AVy;| < 4y,
AV — [zri00 — o + € + Fri(0,6)]| <6 +2U+e+BEV) =7

To find a lower bound on the integral in (2.59), let’s restrict the integration over
ATJZ?H to |A1~/2}+1| < 4; and use only the parts of the block densities corresponding
to the accepted draws. The parts of the block densities for the accepted draws are
equal to the MH transition densities multiplied by the acceptance probabilities. For
(AVy; — [zri0n — as + e + Fri(0,6,)]) € [—7, 7], these densities for the accepted
draws are positive and continuous on O, E, and [AV;; > 0] (or [AV;; < 0] depending
on dy;) for all blocks, and thus bounded away from zero. Let’s denote the common

bound by § > 0. Then,

P((VmH gmtt emthy e Alym o e d,x) > ([ [ 619)

tyi

: /A Lo(0™) -6 - T]16 - Le(ens)] - H 5 - pldys| AVy,)

t,i

55 (AVy; — [Tri00 — a0 + € + Fi(0,€4,4)])
(O, e APy %(H o7 -6t T 6 Q(A) (2.61)
t,i t,i
Also, since Q)(.) is absolutely continuous w.r.t. the posterior probability measure, the
transition probability measure for the Gibbs sampler is irreducible w.r.t. the posterior

probability measure. This completes the proof of the uniform ergodicity of the Gibbs

sampler. 0
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2.4 Auxiliary results
Proposition 2.3. For any {0',...,0"} and 0 in R™ and any N < N, there exists a
sequence of rational numbers q,, — 0 such that for any m, q,, and 6 have the same

set of indices for the nearest neighbors: {ky,... kg} defined by (1.13).

Proof. The outcomes of selecting the nearest neighbors can be classified into two
cases. The trivial one occurs when there exists a ball around 6 with radius r such
that ||0% — 0| < r and ||6? — 0|| > r +d for d > 0 and j # k;. Then, applying the
triangle inequality twice we get Vg € Bqa(0), ||0% —q|| <r+d/2 < ||07 —q|| V] # k.
For this case the proposition holds trivially.

The other case occurs when there exists a ball at 6 with radius r; such that
the closure of the ball includes all the nearest neighbors and the boundary of the ball
includes one or more ¢’ that are not included in the set of the nearest neighbors.
For this case, I will construct a ball in the vicinity of # such that it can be made as
close to 6 as needed and such that for any point inside this ball the set of the nearest
neighbors is the same as for 6.

As described in the paper body (see (1.13)), the selection of the nearest neigh-
bors on the boundary of B, () is conducted by the lexicographic comparison of
(67 — ). Let’s denote vectors (67 — ) such that 67 is on the boundary of B, (6):

107 — 0| = ry by 2%, i = 1,...,M?. The results of the lexicographic selection
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process can be represented as follows:

ki ki ki

2P =(r1 —ay, ..., k-1 — Qp_1, 2 ey 22)

ki ki ki

o=y an, TRl — Qg1 Th Ak Ty, Ty) (2.62)
ki kyi ki

y —(Tl_alw'-;rk—l_a’k—la yk 7“‘7yn)

where a geometric interpretation of variables r;, and ay is given in the figure below,
20 > —ag >y, (2.63)

and k = 1,..., K for some K < n. Vectors 2" i = 1,..., MF are those vectors

included in the set of the nearest neighbors for which the decision of the inclusion

ki

was obtained from the lexicographic comparison for the coordinate k. Vectors ", ¢ =

1,..., MPF are the vectors for which the decision has not yet been made after comparing
coordinates k. Vectors y*i i = 1,..., M; are the vectors for which the decision of

not including them in the set of the nearest neighbors was obtained from comparing

k41,0

coordinate k. Vectors z

k+1,1’ P

yk i are all selected from z%?. The lexicographic
selection will end at some coordinate K with unique z®. This vector is denoted by z
not by z to emphasize the fact that if there are multiple repetitions of 8 4+ 2% = ' =
7, i # j in the history, then not all the repetitions have to be selected for the set of

the nearest neighbors (the ones with larger iteration number will be selected first.)

Of course, this is true only for the last selected nearest neighbor, for all the previous

ki ki

ones all the repetitions are included. Note that vectors 2%, 2% %% are constructed
in the system of coordinates with the origin at 6; so, we should add 6 to all of them

to get back to the original coordinate system.
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A graphical illustration might be helpful for understanding the idea of the
proof (the proof was actually constructed from similar graphical examples in R? and

R

Figure 2.1: Nearest neighbors.

The figure shows an example, in which 2 nearest neighbors have to be chosen for point
O. Since the required number of the nearest neighbors is smaller than the number of
the points on the circle, we can always find a; such that all the points with the first
coordinate strictly above r; — a; will be included in the set of the nearest neighbors
and all the points with the first coordinate strictly below r; — a; will not be. For
the points with the coordinate equal to r; — ay, the selection process continues to the
next dimension.

If we did not use the lexicographic comparison and just resolved the multival-
uedness of argmin by choosing vectors with larger iteration numbers first, than the
proposition would not hold (a counterexample could be easily found in R2.)

If the following conditions hold than the same nearest neighbors from the
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surface of B, (#) will be chosen for (6 4+ b) and 6:

16— y* 2 > b — 2*

(2.64)

The condition says that (z% + 6), which is the last nearest neighbor selected for 6,
also has to be selected last for (6 + b) and that vectors on the boundary of B, (0)
that are not the selected nearest neighbors for 8 (y*?, vk, i) should not be the selected
nearest neighbors for (6 + b). Since ||y*?|| = ||z¥]| = ||2*!|| = r1, these conditions

are equivalent to the following:
b (2 — ¢ > 0 and b7 (M — 25) > 0 (2.65)
Define
d= krfmll{ mln{mln[ B (rp — ), miin[(r;C —az) — "]}, d > 0 by construction.

For given €; > 0, let

€1 = min{eg, ed/(Anry)} e(er) = (€1,...,€,)

5(61) = end/(Snrl) (266)
Let b € Bse,)(€(e1)) and [ = b — €(ey). Let’s show that (2.65) holds for any such b.

bT(xK—yk) (rk—ak—yk €r + Z ym €m+z Z - (267)
m=k-+1

Note that |l;| < d(e1) and |25 — &8 < 2ry:

b (2 — P > (rp—ag — y,’:’i)ek —n2ry max €, —n2rio(e)

m=k+1,n
Ekd Ekd
> dep — n2 —n2 =de./4 >0 2.68
> deg —n2rig - —nlrig - €x/4 > (2.68)
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Analogously,

n n
br (2% —a®) > [0 — (r — an)]ex + Z (250 — 2B )e, + Z(zfnl — 251,
m=k-+1 m=k

> de, —n2r; max €, —n2rid(e) > dep/4 >0 (2.69)

m=k+1,n
Thus, the order of selecting the nearest neighbors on the surface of B,,(6) is the
same for 6 and any 0 + b if b € Bys,)(e(e1)) for any e; > 0. Making ¢; sufficiently
small, we can guarantee that all 67 satisfying ||¢? — 6|| < r; will be chosen as the
nearest neighbors for 6 + b before the vectors on the surface of B, (f) and that ¢’
satisfying [|07 — || > ry will not be chosen at all. For any ¢; > 0, Bs(¢,)(0 +€(€;)) will
contain rational numbers. Letting a positive sequence {€]'} go to zero and choosing

qm € Bs(0 + €™) N Q will give the sought sequence {g,,}. O

Proposition 2.4. If © and S are compact, u(s,d;0) is continuous in (s,0), and
f(s" ] s,d;0) is continuous in (6,s,s’), then V(s;6) and

E{V(s';0)|s,d; 0} are continuous in (6, s).

Proof. The proof of the proposition follows closely the standard proof of the continuity
of value functions with respect to the state variables (see, for example, chapters 3 and
4 of Stokey and Lucas (1989).) Let’s consider the Bellman operator I" on the Banach

space of bounded functions B with sup norm: V : © x S — X, where X is a bounded

subset of R:

L'(V)(s;0) = mgx{u(s, d;0) + ﬂ/V(S'; 0)f(s|s,d;0)ds'}

Blackwell’s sufficient conditions for contraction are satisfied for this operator; so, I' is

a contraction mapping on B. The set of continuous functions C' is a closed subset in
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B. Thus, it suffices show that T'(C') C C' (this trivially implies that the fixed point
of I is a continuous function.)
Let V(s;6) be a continuous function in B (V' € C'). Let’s show that I'(V) is

also continuous.

ID(V)(s513602) — T(V) (523 65)] < maxu(s, d: 1) — (s, )

49 [ VIS0 1 o1 dib)ds’ = 5 [ V(502) (5 se, )|

< max|u(sy, d; 1) — u(sy, d; 0))|

wmax | V(500 £ o1, 00) = V(' 60) (5 oo, 02)}ds| (270)

Given € > 0 there exists d; > 0 such that ||(s1;61) — (s2;62)|| < 01 implies

maxgy [u(s1,d; 01) — u(sa, d; 02)| < €/2.

| /[V(SIQ 00)f(8'|s1,d;601) = V(s';02) f(5'[s2, d; 02)]ds'|

< max sup (V(501) f(8|s1,d;01) = V(3 02) f ('] 52, d; 02) | - A(S) (2.71)

Since V(s';0) f(s'|s,d; 0) is continuous on compact © x S x S, for € > 0 there exists

64 > 0 such that ||(s1,5";01) — (s2, 85 02)|| = ||(s1;01) — (s2;00)|| < 8¢ implies
/ / / / €
S‘j,p \V(s'561)f(s']s1,d;01) — V(s';02) f(5'|s2,d; 02)] < N

Thus, for § = min{d;, ming 63}, ||(s1;61) — (s2;602)|| < & implies [['(V)(s1;601) —
['(V)(s2;62)| < €. So, I'(V) is a continuous function. The continuity of
E{V(s;0)|s,d;0} follows from the continuity of V'(s';6) by an analogous argument.

O
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Proposition 2.5. Assumption 1.7 holds if © and S are compacts, V (s;0) and
E[V(s;0) | s,d;0] are continuous in (0,s), and f(s' | s,d;0)/g(s") is continuous in

(0,s,5") and satisfies Assumption 1.4.

Proof. Let’s introduce the following notation shortcuts. 7" will denote the number of
terms in the sum defining X (w'™!,0,s,d, m). Consider two arbitrary points: (61, s1)

and (6, 52), let Vi =V (s7;6;) — EV (6;, 5;) and

fil9; _ f(87 ] s di0:)/g(s7)

Wi = it/ B
T filge XS (] si di )/ g(sh)
Then,
T T
|X(wt_1a 91, 51, da m) - X(wt_la 927 52, d? m)' = | Z V;IV‘/]l - Z V]zVI/Jz + Z ‘/;2W_71|
j=1 j=1 j=1
T
< 1YV = VAW (2.72)
j=1
T
1Y v - w) (2.73)
j=1

By the proposition’s hypothesis, V' (s;0) and E[V(s';0) | s,d;60] are continuous in

(0, s) on a compact set. Thus, given € > 0 30; > 0 such that

(61, 51,8) = (62, 52, 8)|| = (61, 51) — (62, s2)|| < &1

implies |V (s7;0,) — EV(61,51) — (V(s7;05) — EV (s, 52))| < €/2 . Since the weights
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sum to one, (2.72) is bounded above by €/2. Let’s similarly bound (2.73):

2 VIOV =Wl = ST
(5 12108) [S VAU g — £2/62)] + 15 £2/g8 — 3 £ /l] (S V22 g?)
S falaw -2 filgk

_Vemaxy |f}/g) — £2/g2-T T omas;\f g}~ £/} VT
= iT iZTQ

ZT:V]?( fHal 12192 )
j=1

+

< max|f} /gt = £2/62]- V(5 + ) 27

[~] —
I~ |~

where f and [ are the upper and lower bounds on f /g introduced in Assumption 1.4;
V < oo is an upper bound on VJ’ Since f(s' | s,d;0)/g(s") is continuous in (6, s, s')
on compact © x S x S, for any € > 0 there exists do > 0 such that ||(6y,s1,57) —

(92,5278‘j)|| = ||(61,81) — (02,82)” < 52 1mp11es

€/2
VI + %)

Thus, (2.73) is also bounded above by €/2. For given € > 0, let § = min{d;, J2}.

(s | 51, d;01)/g(s7) — f (57 | 52, d;02)/g(s7)| <

I

Il

Then, [|(01,51) — (02, 52)|| < ¢ implies | X (w1, 60y, s1,d,m) — X (w1 0y, 81,d,m)| <

€/2+e/2=c¢ O

Proposition 2.6. Assume, that in the DP solving algorithm, the same random grid
over the state space is used at each iteration: s™J = s™2J = sJ for any mi, ma,
and j, where s “ g(.). If the number of the nearest neighbors is constant: 7y, in
Assumption 1.6 is equal to zero and N (t) = N, then all the theoretical results proven

i the paper will hold.

Proof. Only the proof of Lemma 2.1 is affected by the change since in the other parts
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I use only one fact about the weights in the importance sampling: the weights are in
[0,1]. Thus let’s show that Lemma 2.1 holds.
In Lemma 2.1 the terms in the sum (2.2) corresponding to the same s/ should

be grouped into one term multiplied by the number of such terms:

P(X (W' 0,s,d,m) > ¢ (2.75)

[ N(max{m;})

TS M;(t,m)(V(7:0) — E[V(5'50) | 5,d;0))f (s’ | 5,d:0)/g(s")
SONOmaxtme D) 0 (8, m) f(s7 | . d;6)/g(s7)
N (max{m;})

Y Mtm)(V(7:0) = BIV(s50) | s, d:0)) f(5 | 5,d:0)/9(s"))]

Jj=1

> ¢ iN(max{mi}))

| > ¢

IN
e

where M;(t,m) € {1,..., N(t)} denotes the number of the terms corresponding to s’

and N (max{m,}) is the largest grid size. The inequality above follows since

N(max{m;})

E Mj(t,m)f(sj | 5,d;0)/g(s) > iN(max{mi})

j=1
The summands in (2.75) are bounded by (N a, Nb), where a and b where

defined in Lemma 2.1. Application of Hoeffding’s inequality to (2.75) gives

P(X(w'1,0,s,d,m) > ¢€)

< 2exp {—45]\~/N(max{mi}} < 2exp {—45N]\7(t — N(t))} (2.76)

where 0 < 6 = &f%/(2(b — a)?N®). The rest of the argument follows the steps in

Lemma 2.1 starting after (2.5). O

Proposition 2.7. This proposition shows how to relax Assumption 1.4 for the state

transition density and correspondingly change the DP solving algorithm so that the
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theoretical results proved in the paper would hold. Let the state space be a product of
a finite set and a bounded rectangle in R’Se S = Sy x S.. Let f(s},sl|sf,500) be
the state transition density with respect to the product of the counting measure on Sy
and the Lebesgue measure on S.. Assume for any sy € Sy and d € D we can define
S(sy,d) C S such that f(s’,si|sg, se,d;0) > 0 for any (s}, s,) € S(sp,d) and any

sc € S and for any (s}, s.) & S(sy,d) and any s. € S. f(s},sc|sf,5c,d;0) = 0. For

each sy € Sy let density gs,(.) be such that for any sy € Sy

. 1o . ooy —
0€®,s’f,s’cler,15£sjc),sc€5'c f(sf’ $C|Sf7 i d’ 9)/93f,d(5f; SC) B i >0

sSup f(8f7 c|sfasc7d 9)/gsf d(sfa c) f< o0
06@,5},S’CES(Sf),SCESc,dED

In the DP solving algorithm generate the random grid over the state space for each

discrete state sy € Sy and decision d € D : ~ gs;.d(-) and use these grids in

sf i
computing the approzimations of the expectations E(V (s';0)|ss, s¢,d;0). Then, all the
theoretical results stated in the paper hold.

If the transition for the discrete states is independent from the the other states,
then a more efficient alternative would also work. Let’s denote the transition proba-
bility for the discrete states by f(s|ss,d;0). Suppose that for f(si|s,d;0) and some
g(.) defined on S. Assumption 1.4 holds, and the random grid s™7 is generated only
on S. from g(.). Consider the following approximation of the expectations in the DP
solving algorithm:

EV(s'50)|s7, 50, d; 0] (2.77)

: AR )V’“(s 5k 04) f (5449 | s,d; 0) /g(5"9)
= Z f(s}lsy, d;0) Z s, d; 9)/99(8’““‘1)

Nkr
sl S SN SN fst
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where S¢(s¢,d) denotes the set of possible future discrete states given the current state

sy and decision d. Then, all the theoretical results stated in the paper hold.

Proof. Given the assumptions made in the first part of this proposition, the proofs
of Lemma 2.1 and its uniform extension Lemma 2.4 apply without any changes. The
rest of the results are not affected at all.

If (2.77) is used for approximating the expectations then in the proof of Lem-
mas 2.1 and 2.4 let’s separate the expression for X(.) into K = card(Sf(sy, d)) terms
corresponding to each possible future discrete state:

X(w1t0,s,d,m) =
N(m N(k) Vk

, (550 859364) (5|5, d: ) ()
f(Sf,1|Sf’d; 9) {Z Z ]\{(m N (k) k k
=1 j=1 ,« 1 Zq— f(S T’qlsc; 6)/g(8 T,q)

—E[V(s; 9)|sf = 5f,17 Se, d; 0]}

+ (2.78)
N(m) N(k;) Vk k;.j Se, d; 9)/g(ski’j)

, i,j.eki isJ
b sy (3 3 Lot TG

TS SN SN p(heals,; 6) /g(skra)
—E[V(s; 9)|sf = sf’K, Se,d; 0]}

Then, applying the argument from Lemmas 2.1 and 2.4 we can bound the following

probabilities for £k =1,..., K:

N(m) N (ki) ki g« Ok kioj ki j
V 1a.7~9 i 0] C,d;e i)
PlIf(shlsp,di0) > > < ) (5 lse, d:6)/9(s7) (2.79)
P (m)Z ) F(s479]5630) [g(s59)
—E[V(s;0)|s; = s} 1, 8¢, d; 0]| > %] (2.80)

and Lemmas 2.1 and 2.4 will hold. The proofs of the other Lemmas are not affected

at all since the weights on the value functions in expectation approximations are still
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non-negative and sum to 1. O

Proposition 2.8. If 2y, z;, and y; are integer sequences with lim; . yi/z = 0,
limy o 2; = 00, and limsup,_, . z;/x; < oo then ¥§ > 0 3T such that Vt > T

—0xt Zt! < 6—0.55zt

e
(e —y)ly! —

Proof.

| Zt Yt
log |:€—5$t z—t:| = —51‘15 + Z IOg(’L) — Zlog(t)
i=1

(2t — ye)lye! imor g1
z¢+1 Yt
< —d0x + / log(i)di — / log(i)di
zt—yt+1 1
= —0x;+ (2 + 1)log(z + 1) — (2 —ye + 1) log(z —y: + 1) —
(2t +1) = (2 — ye + 1)] = {yelog(y:) — 1log(1) — [y, — 1]}

= =0z + zflog(z + 1) — log(z — y¢ + 1)] + w[log(z — ye + 1) — log(wys)]

+log(z + 1) — log(zs — y¢ + 1) — y log(y,) — 1

1 — 1 1
< —5wt+ztlogL+yt10gzt vt + log & :xt{_éJr
ze— Y+ 1 Yt ze— Yy + 1
1 — 1 — 1 1 1
N 2 log Zt + (ze —ye + Dye log 2t — Yt +Liog L] (2.81)
Ty -+ 1 z(z—y+1) Yt Tt Z—yr+1

< —0.50x,Vt > T

There exists such T" that the last inequality holds since all the terms in (2.81) converge

to zero. Exponentiating the obtained inequality completes the proof. O

Proposition 2.9. For any 6; > 0 and 95 > 0 there exist § > 0 and T such that

vVt >1T:

N (i) [e—smi)mi—mn) i 6—62<N<z'>—mz')>] < exp{—ot7m} (2.82)
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Proof. The following inequalities will be used below:

t—t" Y0
E=mON() 2 t = N () = (2.83)
F—mON(@E) <t— (L N (’g C)N() < 0 4+ 1 < 260 (2.84)

(2.85)

N(t — mE)N() = [(t — mE)N($))"] < (260)" < 2ngom (2.86)

~

Nt =m(@)N(t) = Nt —=m(®)N(t)) = [(t = m@)N () = N(t = m(E)N(#)))" ]

> (70 — 214012 — 1 by (2.83) and (2.86)

tro(n—r2)

> 1, V¢t > 20Fm/Goll-m))
- 2M72
$ro(n—2)
> e Vi > Ty = max{g(lﬂl—72/(70(71—72)), 2(1+71/(70(1—71))} (2.87)

Combining (2.85) and (2.87) gives:

exp{ =0 N (t = m(t)N(£))N(t = m(t)N(t) = N(t —m(t)N(¢)))}

5yt
2247172

< exp{— } = exp{—0,t707"} (2.88)

where the last equality defines 5 > 0.

N(t=m(t)N(t)) = N(t =m(t)N(t)) = [(t = m(N(®)"] = [t —m()N(1))"]
> [0 — [202400%2], by (2.83) and (2.84)
Z Y00 1 — 97240072

> 0.5t7°7 | for ¢ larger than some T3 (2.89)
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where such Tj exists since (0.5¢707 — 1 — 272¢7072) — oo,
Taking an upper bound on summands in (2.82) and multiplying it by the

number of terms in the sum gives the following upper bound on the sum:

Z N( ) [ —51N(i)N(i—N(1)) + e—éz(N(i)—N(i))]
i=t—m(t)N(t)

<((t=1) = (t=mE)N(#) +1) x N(t —1) x

y |:6—61N(t—m(t)N(t))N(t—m(t)N(t)—N(t—m(t)N(t)))

e N ON )R (=N 0] (2.90)
Inequalities in (2.88), (2.89), and (2.90) imply:

Z N( ) [ —51N(@) N (i—N(5)) + e—éz(N(i)—N(i))]
i=t—m(t)N(¢)
< e (eXp{—glt’YO’h} 4 eXp{—O.552t'YO’Y1})

< 21772 exp{ — min(dy, 0.50,)t7°7 } (2.91)

where &, was defined in (2.88).
Note that (2t'+71772 exp{—0.5min(d;,0.58,)t°"}) — oo and therefore 31" >

max(T}, Ty, T3) such that V¢ > T

21172 exp{ — min(dy, 0.50,)t7071 } < exp{—at7"} (2.92)
where § = 0.5 min((fl, 0.5d3). This completes the proof. O
Proposition 2.10. For any a >0 and § > 0, Y 2, exp{—dt*} < oo

Proof. Sketch. The sum above is a lower sum for the following improper inte-

gral [;* exp{—0t"}dt. One way to show that it is finite is to do a transformation
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of variables y = t% then bound the obtained integral by an integral of the form
fooo y" exp{—dy}dy, where n is an integer. It follows by induction and integration by

parts that this integral is finite. O
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CHAPTER 3
ESTIMATION OF DYNAMIC DISCRETE CHOICE MODELS WITH
DP SOLUTION APPROXIMATED BY ARTIFICIAL NEURAL
NETWORKS

3.1 Introduction

The dynamic discrete choice model (DDCM) is a dynamic program (DP) with
discrete controls. Estimation of these models is a growing area in econometrics
with a wide range of applications. Labor economists employed DDCMs in mod-
eling job search and occupational choice (Miller (1984), Wolpin (1987), Keane and
Wolpin (1997)), retirement decisions (Stock and Wise (1990), Rust and Phelan (1997),
French (2005)), fertility (Wolpin (1984), Hotz and Miller (1993)), and crime (Imai
and Krishna (2004).) Health economists estimated DDCMs of medical care utiliza-
tion (Gilleskie (1998)), health and financial decisions of elderly (Davis (1998)), and
smoking addiction (Choo (2000).) In industrial organization DDCMs were used for
studying optimal investment replacement (Rust (1987), Das (1992), Kennet (1994),
Cho (2000).) Pakes (1986) estimated a DDCM of patent renewals. There is a grow-
ing interest to DDCMs in marketing literature (Erdem and Keane (1996), Osborne
(2006).)

DDCMs are attractive for empirical research since they are grounded in eco-
nomic theory. However, estimation of these models is very computationally expen-
sive. The DP has to be solved at each iteration of an estimation procedure and the

likelihood function of a richly specified DDCM contains high-dimensional integrals.
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Chapter 1 shows that Markov chain Monte Carlo (MCMC) methods can handle the
high dimensional integration in the likelihood function for DDCMs with serially corre-
lated unobservables. In this chapter, I describe how to apply MCMC for dealing with
such desirable features of DDCMs as random coefficients and dependent observations
that were avoided in the literature because of the high computational burden. A pos-
terior simulator for dynamic discrete choice models proposed in Chapter 1 produces
a large amount of serial correlation in parameter draws. Thus, long simulator runs
are required to estimate posterior densities with sufficient precision. The solution
of the dynamic program that has to be obtained at each iteration of the estimation
procedure constitutes a considerable part of the algorithm’s computational burden.
Algorithms for solving the DP that use information from the previous MCMC iter-
ations to speed up the DP solution on the current iteration were proposed in Imai
et al. (2005) and Chapter 1. However, even if the DP solution on a grid over the state
space is available, computing the expected value functions by importance sampling
for each observation in the dataset still requires a lot of time. The approach based
on artificial neural networks (ANN) proposed here can ameliorate this problem.

The expected value function can be seen as a function of the parameters and
the current state. Instead of obtaining the DP solution at each iteration of the
estimation procedure one could beforehand approximate it by a function of the pa-
rameters and state variables and then use this function in the estimation procedure.
Under this approach, there is no need to solve the DP at each iteration of a long

posterior simulator run. Moreover, if the approximations can be computed faster
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than the importance sampling integration of the value functions then there will ad-
ditional performance gains. The DP solving algorithm presented in Chapter 1 can
produce precise solutions to the DP as described in Section 5.1.4. It is not feasible
to get a very high precision for millions of parameter draws required to reasonably
approximate the posterior distributions. However, it is feasible for several thousand
draws from a prior distribution. These precise DP solutions on a randomly generated
collection of parameters and states can be used to approximate the expected value
function.

Approximating a function of several variables is a formidable task. Kernel
smoothing did not perform well in experiments, see Chapter 1, Section 5.1.3. ANNs
seem to be a method of choice for that. An intuitive explanation for excellent per-
formance of ANNs in theory and practice might be that the basis functions in the
ANN case can be tuned, which provides additional flexibility relative to many other
approximation methods, e.g., approximation by polynomials, in which the basis func-
tions are fixed. The theoretical properties of ANNs are very attractive: the number
of neural network parameters required to obtain an approximation of functions in
certain smooth classes grows only polynomially fast in the function argument dimen-
sion (Barron (1994).) This theoretical result suggests that relatively small neural
networks might provide sufficient approximation precision and at the same time pro-
duce approximations faster than the importance sampling integration algorithm from
Chapter 1. A word of caution is in order here. Although in experiments ANNs do

perform very well it has not been proven that DDCM’s expected value functions have
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the smoothness properties required for the Barron’s results.

An important issue is whether we can use ANN function approximation proper-
ties to show that the estimation results, e.g., posterior expectations, that are obtained
with approximated DP solutions converge to the true ones as the approximation preci-
sion improves. Although there are lot of different results available for the consistency
and convergence rates for ANN function approximation, the result we could use to
show the consistency of the estimated posterior expectations does not seem to be
available in the ready-to-use form. In this chapter, I derive such a result from the
contributions of White (1990), Hornik et al. (1989), and Chen (2005).

Section 3.2 of this chapter sets up a DDCM and outlines an MCMC estima-
tion procedure. Section 3.3 introduces ANNs and derives necessary theoretical results.
Experiments are conducted on the model from Rust (1987). The model and the cor-
responding MCMC algorithm are is described in Chapter 1. The ANN approximation

quality is evaluated in Section 3.4.1. Section 3.4.2 presents estimation results.

3.2 DDCM and MCMC
A DDCM is a single agent model. Each time period ¢ the agent chooses an
alternative d; from a finite set of available alternatives D(s;). The per-period utility
u(sy, dy; 0) depends on the chosen alternative, current state variables s, € S, and a
vector of parameters § € ©. The state variables are assumed to evolve according to a
controlled first order Markov process with a transition law denoted by f(s441]s¢, di; 0)

for t > 1; the distribution of the initial state is denoted by f(s1]6). Time is discounted
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with a factor 3. In the recursive formulation of the problem, the lifetime utility of
the agent or the value function is given by the maximum of the alternative-specific

value functions:

V(s 0) = dtrer%x(};)l)(st,dt;@) (3.1)
V(St, dt, 9) = U(St, dt, 9) + ﬁE{V(St+1, (9)|8t, dt, 9} (32)

This formulation embraces a finite horizon case if time ¢ is included in the vector of
the state variables.

In estimable DDCMs, some extra assumptions are usually made. First of
all, some of the state variables are assumed to be unobservable for econometricians
(the agent observes s; at time t.) Let’s denote the unobserved state variables by v,
and the observed ones by ;. Examples of unobservables include taste idiosyncrasy,
ability, and health status. Using the unobserved state variables is a way to incor-
porate random errors in DDCMs structurally. Some of the state variables could be
common to all individuals in a dataset. Let’s denote these common states by z;.
We assume that z; are unobserved (the case of observed z; would be simpler.) To
avoid modeling the interactions between agents it is assumed that the evolution of
2 is not affected by individual states and decisions. Introducing common states z;
is a way to model dependence across observations in the sample. Thus, the state
variables are separated into three parts s; = (2, x4, y;) and they evolve according to
f(sex1lse, d;0) = p(zea1]2e; 0)p(ps1, Y| Te, yi, 2, d; 0). The set of the available alter-
natives D(s;) is assumed to depend only on the observed state variables. Hereafter,

it will be denoted by D without loss of generality.
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There is a consensus in the literature that it is desirable to allow for individual
heterogeneity in panel data models. Examples of individual heterogeneity in DDCMs
include individual specific time discount rates and individual specific intercepts or
coefficients in the per period utility function that would represent taste idiosyncrasies.
To allow for that let’s assume that the parameter vector # contains individual specific
components #} and common components 6, and the prior p(6}|62)p(62) is specified.
The common parameters 6, may include components that define p(6,|02) and do not
affect the DP.

A data set that is usually used for the estimation of a dynamic discrete choice
model consists of a panel of I individuals. The observed part of the state and the deci-
sions are known for each individual ¢ € {1,..., I} for T periods: (z,d) = {xs;,d; 5t =
1,...,T;i=1,...,1}. The likelihood function is given by the integral over the latent

variables:
p(.ﬁU,d|92) :/p(xvd7y79172|92>d(y’01)z) (33)

where y = {y 5t =1,...,T;i=1,...,1}, 2 ={z;t =1,...,T}, and 6, = {6%;i =
1,...,1}. Because of the high dimensionality of the integral computing the likelihood
function is infeasible for richly specified DDCMs.

In a Bayesian framework, the high dimensional integration over the latent
variables can be handled by employing MCMC for exploring the joint posterior dis-

tribution of the latent variables and parameters. As was shown in Chapter 1, it is
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convenient to use the differences in alternative specific value functions

AV = {AV, 4 = u(s1,d;0)+BE[V (5141;0)|504,d; 0)] — E[V (50415 0)|504, d; 0)], Vi, t, d}

(3.4)

as the latent variables in the MCMC algorithm instead of a part of y,;, where d is

a chosen base alternative. Let’s denote the part of y;,; substituted with AV,; by v,

and the remaining part by € ;; thus y,; = (14, ;). To save space it is assumed below

that p(vs2e, Teas €0y 201, To—145 €610, di—1.430°) = p(viilze, Tos, €45 0%). However, this
assumption is not necessary.

The joint posterior distribution of the parameters and latent variables will

be proportional to the joint distribution of the data, the parameters and the latent

variables:

(61,09, AV €, z|x,d) < p(d, AV, 01,05, €, z, x)

which in turn can be decomposed into the product of marginals and conditionals:

I
p(d7 AV7 917 92) €z, _flj) = H [H (p(dtﬂ'|AVt,i)p(AVt,i’xt7i7 €tis 25 9%, 92) (35)
1

t=1 Li=

I
'p(xt,iaet,iymt1,i>€t1,iazt17dt1,i§91702))'p(2t’2t1702)]' [Hp(eﬂ%)] - p(62)
i=1

The Gibbs sampler can be used to simulate a Markov chain which would have the sta-
tionary distribution equal to the posterior. The densities of the Gibbs sampler blocks:
p(OL AV, 0y, €5, 2, d;, ), p(62| AV €, 2, d, x), P(AV 4104, 02, €14, 214, di iy Tr i),
p(et,i’AVt,ia 9%, 0, €t—1,5 €t41,5) Fti dt,ia fl?t,i), and p(zt‘AVt, 01,02, €, 241y Ze—1, A, th) are
proportional to (3.5). If p(AV4;|0, x4, €14, 2¢) can be quickly computed then (3.5)

(and, thus, the kernels of the densities of the Gibbs sampler blocks) can be quickly
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computed as well. Therefore, it is possible to use the Metropolis-within-Gibbs algo-
rithm to simulate the chain.

As evident from (3.4), computing the value of the joint density (3.5) will require
computing the differences in expected value functions F'(s,d, ) = E[V (s441;0)|s,d; 6)]—
E[V (s141;0)|s,d;0)]. Let F(s,0) = {F(s,d,0),d € D} be a vector of the differences in
expected value functions corresponding to all available alternatives, the same current
state s, and the parameter vector 6. Solving the DP and computing F(s, 0, 65) for
each observation ¢ = 1,...,I at each MCMC iteration would be infeasible. Instead,
one could approximate F'(.) beforehand of the estimation procedure by ANNs. The

following section gives a relevant background on ANNs.

3.3 Feedforward ANN
3.3.1 Definition of feedforward ANN

It is beyond the scope of this chapter to survey the literature on artificial neu-
ral networks and their (potential) applications in economics. For general information,
history, and econometric perspective on ANN the reader is referred to the work by
Kuan and White (1994). Rust (1996) discusses the application of neural networks
to function approximation problems in the context of numerical dynamic program-
ming. Cho and Sargent (1996) consider applications of neural networks in dynamic
economics and game theory.

The purpose of this section is to provide information on artificial neural net-

works relevant to applications in DDCM estimation. The section describes a par-
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ticular type of artificial neural networks, feedforward networks (FFANN), that are
well suited for function approximation problems. Figure 3.1 shows the structure of a
multi-layer FFANN that transforms the input vector x € R" into the output vector

y e R™

Yno =X, Inputs

Layer k

m:yNkk Outputs

Figure 3.1: Multi-layer feed-forward neural network

The network consists from a number of nodes called neurons. The neurons are
grouped into layers. The outputs of the neurons on the layer ¢ — 1 are used as the
inputs for each neuron on the next layer 7. The inputs for the first level are the net-

work inputs x. The outputs of the last layer are the network outputs. The neuron j

i—1

on the level i multiplies the inputs y*~! = (y;7", ... ,y};il

_,) by the connection weights

w = (w), ... ,w%i_l)T and transforms the sum of the weighted inputs into a scalar
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output y;

N
Zy fy =), i=1,...k j=1,...,N; (3.6)
where £ is the number of layers, NN, is the number of neurons in the layer ¢, and
f(.) is called activation function. The logistic sigmoid f(z) = 1/(1 +exp{—2}) is a
popular choice for the activation function. The activation functions do not have to
be the same for all neurons. The identity function f(z) = z is sometimes used for
the neurons on the last (output) layer. It is standard practice to add an extra input
equal to 1 to each neuron. This is a way to introduce intercepts (called biases in the
ANN literature) in addition to the coefficients (weights) in (3.6).
An explicit formula for computing the output for a two-layer network with

one-dimensional output might be helpful for understanding the general case:

=it ) = (3 (zw o))

Let F(x) denote the function we wish to approximate by a neural network. The
connection weights w are adjusted so that the neural network F'(z;w) fits F(x). The
process of adjusting the weights is called learning or training. Training is performed
on a dataset {z?,y’,j = 1, J}, where ¢/ is equal to F(z’) perhaps with some noise.

The method of least squares is the most common way to adjust the weights:

min S(w mln Z Yy — = min Z el (w)?
J

If the activation function is differentiable then gradient methods can be used to per-

form the minimization. In the ANN literature the gradient descent algorithm is
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referred to as the back error propagation. The derivatives are computed by the
chain rule: S'(w) = 2¢/(w)”e(w). More sophisticated optimization methods, such as
conjugate gradient algorithms and quasi-Newton methods, can be used to increase
the training speed. According to the Matlab manual, the Levenberg-Marquardt al-
gorithm is the fastest method for training moderate-sized FFANN (up to several
hundred weights). My experiments with a few other algorithms (not implemented in
Matlab) confirm this claim. The Levenberg-Marquardt algorithm iteratively updates

the weights according to
wi™ = w? — [/ (w)Te (w?) + pI] e (w?) T e(w?)

If the scalar p is small then the method works as a quasi-Newton method with the
Hessian approximated by €' (w)Te/(w) (computing actual Hessian would be very time
consuming.) If p is large then the method works as the gradient descent algorithm
with a small step. The Newton method performs considerably better than the gradient
descent algorithm near the optimum. Thus, after successful iterations (the ones that
decrease S(w)) p is decreased; otherwise it is increased. For large FFANNs conjugate
gradient methods might perform better than the Levenberg-Marquardt algorithm.
The training methods mentioned above are local optimization methods. There
is no guarantee that they will find the global minimum. The theoretical results on the
consistency of ANN approximations do require finding the global minimum. There-
fore, running training algorithms for several initial values is advisable. In experiments
on approximating the expected value function by a FFANN the Matlab implementa-

tion of the Levenberg-Marquardt algorithm performed very well. No cases of getting
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stuck in a very bad local minimum were detected.

3.3.2 Consistency of FFANN approximations

The consistency and convergence rates for ANN function approximation were
examined by a number of authors. However, the result we would need for approx-
imation of the DDCM solutions does not seem to be available in the literature in
the ready-to-use form. In this section we deduce the necessary result building on the
existing theory of ANN approximation.

In Section 1.4 I show that the uniform (in sup norm) convergence in proba-
bility of the expected value function approximation would imply the consistency of
the approximated posterior expectations (see Theorem 1.3 and its proof.) It was
also shown that the expected value function is continuous in the state variables and
parameters under suitable continuity and compactness assumptions on the primitives
of DDCMs (see Section 1.3.3.) At the same time the differentiability of the expected
value function with respect to the state variables and parameters does not seem to
have been established for a general DDCM. Therefore, it would be desirable to have
the consistency of the ANN approximations in sup norm for continuous functions on
compact spaces. However, the consistency results in the ANN literature are avail-
able for convergence in L, norm and/or for smooth functions (White (1990), Barron
(1994), and Chen and White (1999).)

Following White (1990) let’s consider a FFANN sieve estimator. For a survey

of sieve estimation see Chen (2005). Let F denote a set of continuous functions on a
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compact space X with sup norm ||.||. Let (X,Y) be random variables defined on a
complete probability space. Assume that X has a positive density on X, E(Y|X =
z) = F(z), and F € F. Let {27,%°}}_, denote an iid. sample of (X,Y). The
consistency results are proven below for randomly generated {z’ }i_y. Experiments
show that using low discrepancy sequences on X instead of randomly generated ones
does not improve the approximation quality.

A FFANN with one hidden layer consisting of ¢ neurons and a linear activation

function for the neuron on the output layer is described by

q
F(z;w,q) = w? + Z wi! (wék + Z wjl»kxj)
k=1 j

Let

q

q
T(q,A) = {F(;w,q): Y |wi'| < Aand Y || < ¢A}
k=1

k=0 j

be a set of FFANNs with ¢ neurons on the hidden layer and the weights satisfying a
restriction on their sum norm. For specified sequences {q,} and {A,}, T(qn, A,) is
called a sieve. The sieve estimator Fn() is defined as the solution to the least squares

problem:

. 1. . ~ .
felting 5 2l = P 61
The parameters ¢, and A,, determine the flexibility of approximating functions Fe
T(qn,A,). As they increase to infinity the set T'(g,, A,) will become dense in F. The
flexibility of approximating functions should depend on the number of observations n

in such a way that overfitting and underfitting are avoided at the same time. Specific

restrictions on ¢, and A,, that achieve this are given below. Also, introducing a finite
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bound on the weights A,, makes T'(g,, A,) compact. White (1990) proves a version

of the following theorem for L, norm. Here, I present a proof for sup norm.

Theorem 3.1. Assume that the activation function f is Lipschitz continuous and it
is a squashing function (f is non-decreasing, lim, . ., f(x) =0, lim, ., f(x) =1).
Also assume that q,, N, / oo, A, = o(n'/*), and Alq,log(A,q,) = o(n). Under
these conditions there exists a measurable sieve estimator Fn() defined by (3.7) and
for any e >0

lim P(||F — E,|| >¢) =0

Proof. Theorem 3.1 in Chen (2005) specifies five conditions under which an abstract
extremum sieve estimator will be consistent. Let’s show that these five conditions are
satisfied.

Condition 3.1: E[Y —g(X)]? is uniquely minimized over g € F at F and E[Y —
F(X)]? < co. This identification condition is satisfied in our case because F(x) =
E(Y|X = z) is a minimizer and it is unique since functions in F are continuous and
the density of X is positive on X.

Condition 3.2: the sequence of sieves is increasing (T(g,, An) C T(Gnr1, Ant1))
and U2 T (gn, Ay) is dense in F. The denseness of the set of one hidden layer
FFANNs with unconstrained weights U ;T'(n, c0) in the set of continuous functions
on compacts is proven in Hornik et al. (1989), Theorem 2.4. The condition is satisfied
since U2 T(qn, Ay) = U2 T (qn, 00) for ¢, A,, — oc.

Condition 3.3: —E[Y — g(X)]? is upper semicontinuous in g w.r.t ||.||. The

condition is trivially satisfied since E[Y — g(X)]? is continuous.
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Condition 3.4: T'(gs, A,) is compact under ||.||. Since any element in T'(g,, A,)
is defined by a vector of weights belonging to a compact set and the activation function
f is continuous, any sequence in T'(g,, A,) will have a convergent subsequence with
the limit in 7'(¢,, Ay), thus T'(g,, A,) is compact.
Condition 3.5: (uniform convergence over sieves) plim,, ., SUpycr (. a,) |+ >y -
g(z7)]* — E[Y — g(X)]?| = 0. This condition is proven in White (1990), pp.543-544.

That is where the Lipschitz continuity of f and the specific conditions on ¢, and A,

are used. O

3.4 Experiments
Experiments in this section demonstrate how well FFANNs can approximate
expected value functions and what the performance gains of using FFANNs in MCMC
estimation of DDCMs can be. The Rust (1987) model of optimal bus engine replace-

ment is used for experiments.

3.4.1 Evaluating approximation quality
The posterior simulator for Rust’s model described in Section 1.5.2.3 requires
computing the differences in expected value functions F'(x,;, €/, 0™) defined in (1.5.2.3)
for each parameter draw ™ and each observation (i,¢) in the sample. This section
shows how FFANNSs can be used for approximating F'(.). A FFANN is trained and
validated beforehand of the estimation procedure on a set of inputs and outputs. The
inputs include parameters and states: {27, ¢/, o, o, p? 0l 5, %5 = 1,...,90; 5 =

1,...,2200}. In the experiments described below, the inputs are generated from
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the following distributions: o) ~ U[-.006,0], of ~ U[-25,-5], p' ~ UJ0,.99],
¢/ ~ U[-3.8,3.8], n ~ Dirichlet(34,64,2), and 27° = 7. For large and complicated
models, more involved inputs could be used, e.g., some functions of states and pa-
rameters and the value functions for the DP in which shocks are replaced by zeros.
The latter could also be subtracted from the difference in expected value function to
obtain a better behaved output. Since the exact DP solution is not available for the
model with serially correlated unobservables the following approximations are used
as etalon outputs. For each 7 the DP is solved on N = 100 different random grids.
Each grid consists of N = 100 randomly generated points on the space for v and e.
The differences in the expected value functions is computed for each random grid.

The average over the grids, denoted by FZ' .. is used as the output. This procedure

N,N’
efficiently produces good approximations of F'(.). Let’s illustrate this for the model
with extreme value iid unobservables ¢; and v;.

Under the extreme value iid assumption, the integration over the unobserv-
ables can be performed analytically (see Rust (1994),) the exact DP solution can be
quickly computed, and solutions on the random grids can be compared with the exact
solution. Figure 3.2 shows densities of the difference between the exact solution and
the solution on random grids [F(z7,67) — F ]]VZ ] (for iid unobservables F(.) does not
depend on e.) The densities were estimated by kernel smoothing,.

The precision of the DP solution obtained by averaging the results over 100

random grids with 100 points in each grid is about the same as for the solution ob-

tained on one random grid with 10000 points. However, the former algorithm works
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about 100 times faster since the number of operations performed for one Bellman
equation iteration is roughly proportional to the square of the number of points in
the grid. See Section 1.5.1.4 of Chapter 1 for further discussion of this issue. The
maximal approximation error for Ffoio7100 does not exceed 3% of the standard devia-

tion of the iid shocks in the model.

a0 T T T T T T T
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Figure 3.2: Densities of the difference between the exact solution and the solution on
random grids. The model with extreme value iid unobservables. The dashed line -
the density of [F(27%,67) — F{' ], the dotted line - the density of [F(27%, 6) — F{5 140,
and the solid line - the density of [F(27%,07) — F{g) 100

A three layer FFANN was trained in Matlab by the Levenberg-Marquardt al-
gorithm for the data from the model with normal serially correlated unobservables.
The network layers contained 8, 10, and 1 neurons correspondingly (it will be re-
ferred below as the 8-10-1 FFANN.) First 1500 points in the data were used for

training, the remaining data were used for validation. Figure 3.3 shows the distribu-
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tions of the residuals scaled by the standard deviation of the iid shocks in the model
et = (Fijo.100 — F (29, ¢7,67;w))hY5 for the training and validation parts of the data.
Scaling is performed to facilitate the comparison of the approximation error and the
magnitude of the random shocks in the model. As can be seen from the figure, the
approximation quality for the validation part of the data is the same as for the train-

ing part. This suggest that no overfitting occurred.

35¢F

25¢

15+

D - L - 1 o L
-1.5 -1 0.5 1] 0.a 1 15

Figure 3.3: Densities of residuals e/* (the dotted line is for the validation part of the
sample.

In addition to the randomly generated validation part of the sample, Fljéo,loo
were computed for inputs with one component changing over a relevant range and the
other components fixed at (x, €, ay, ag, p, 1, M2, 1m3) = (55,0, —.003, —10, .5, .34, .64, .02).
Figure 3.4 shows these Fféo,wo and the corresponding fitted values.

As Figure 3.4 and Figure 3.2 demonstrate, the values FféO,IOO used for neural

www.manharaa.com



131

network training are noisy approximations to the true differences in expected value
functions. It is not surprising since they were obtained by solving the dynamic pro-
gram on random grids. The exact difference in the expected value functions should be
a smooth function. Since the fitted function F (;;w) tends to smooth out the noise,
the actual error of the neural network approximation might be smaller on average

then the residuals described by Figure 3.3.
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Figure 3.4: Fitted values F(z7,¢/,67;w) (the dotted lines) and F{SO,IOO (the solid
lines) as functions of one input component. The model with serially correlated unob-
servables. The horizontal axes: (a) aq, (b) as, (¢) p, and (d) e.

The quality of FFANN approximations can be further explored for the model
with extreme value iid unobservables since the actual approximation error can be

computed in this case. Figure 3.5 compares the densities of the exact approximation
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error for FFANNs and DP solutions on random grids.
In this particular example, the noise in the training data does not affect the
FFANN approximation quality as evidenced by similar results for FFANNs trained

on exact and noisy data.
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Figure 3.5: Densities of the approximation error for FFANNs and DP solutions on
random grids. The model with extreme value iid unobservables. The dashed line - for
a FFANN trained on exact data, the dotted line - for a FFANN trained on Fjg, 14,

the solid line - for FljéOJOO'

Figure 3.6 compares the FFANN and random grid DP solution approximations
for the model with serially correlated unobservables. Unfortunately, the exact DP so-
lution and, thus, the exact approximation errors are not available for this model.
Therefore, the figure shows the densities of the scaled residuals ¢! = (Fljéo,mo —

F(7, ¢, 7;w))hY for an 8-10-1 FFANN and the scaled differences [F{gy 00— F{5 100] 0.
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Figure 3.6: Densities of e from neural network (the dotted line) and from DP solution
on a random grid (the solid line.) The model with serially correlated unobservables.

As can be seen from the figure, F'(z7 ¢/, 67) and Ffé,loo provide comparable
precision in approximating Fjg, g9 Since the variance of F(z#,¢l,07) — Fjj o, is
considerably larger than the variance of F(67,x%) — Fféo,wo (see Figure 3.2,) we can
argue that F(27% ¢/ 67) and Ffé,mo provide comparable precision in approximating
F(27% €,67). Figure 3.5 shows that for the model with extreme value iid unobserv-
ables, the approximation precision of an 8-10-1 FFANN is comparable to the precision
of F:'Ljéo,loo, which is better than Ff&mo we obtain for the model with serially corre-
lated unobservables. This can be explained by the fact that the dimension of the
input vector is smaller for the model with extreme value iid unobservables. Increas-
ing the number of neurons and/or layers in a FFANN would improve the precision,
e.g., adding another layer with 10 neurons decreased the approximation error by two
times on average.

The posterior simulator for the model with serially correlated unobservables
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that uses the 8-10-1 FFANN works 4-5 times faster than the posterior simulator that
uses DP solutions on one random grid with 100 points. Averaging DP solutions over
10 random grids (which would provide precision comparable to the 8-10-1 FFANN as
we argued above) will increase the execution time by 10 times. Thus, for this partic-
ular example, the performance gains from using FFANNs in the posterior simulator
could amount to about 40-50 times. In experiments, the MCMC estimation algorithm
required at least 1 million draws to converge. The time required for preparing FFANN
training data is less than 2% of the time required for solving the DP on 10 random
grids for 1 million parameter draws. The time required for training an 8-10-1 FFANN
is also of similar magnitude. Thus the overall time saving from using FFANN approx-
imations in DDCM estimation seems considerable. This claim is confirmed by the
performance comparison for the model with extreme value iid unobservables, which

is presented with the estimation results in the next section.

3.4.2 Estimation results
This section presents estimation results for the model with extreme value iid
unobservables. The advantage of using this model relative to the model with serially
correlated unobservables is that we can characterize the true posterior distributions
of parameters with a high precision. The integration over the unobservables in solv-
ing the DP and in the likelihood function can be performed analytically. Thus it
would be easier to evaluate the quality of the posterior simulator that uses FFANNs.

The posterior simulator for this model also uses the Metropolis-Hastings algorithm
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since the logit-like choice probabilities comprising the likelihood function contain the
expected value functions that do not have an analytical representation.

Figure 3.7 shows the estimated posterior densities for the simulators that use
the exact DP solutions and the 8-10-1 FFANN approximations. The experiments
use an artificial dataset consisting of observations on I = 70 buses (about 4000
mileage /decision points.) The posterior densities were estimated by kernel smoothing
over several simulator runs. The length of the runs was 3 million draws. The simulator
using the 8-10-1 FFANN takes about 1.2 second to produce 1000 draws from the
posterior on a 2002 vintage PC. The simulator that uses the exact DP solutions works
10 times slower. The estimated densities from both simulators are very similar.

The model with extreme value iid unobservables could also be estimated by
the algorithm that performs integration numerically as in the case of the model with
serially correlated unobservables. The Gibbs sampler for this algorithm is the same
as the one for the Gaussian unobservables described in Section 1.5.2.3; except here
the Gaussian probability densities are replaced by the densities for the extreme value
distribution. Figure 3.8 compares the estimation results for the exact posterior simu-
lator and the simulator that integrates unobservables numerically and solves the DP
on a random grid with 100 points. The posteriors for n are not shown in the fig-
ure since they are identical for all simulators. For some random grids the estimated
density can be far off as the figure demonstrates. The simulator that integrates un-
observables numerically and solves the DP on a random grid with 100 points produce

1000 parameter draws in 102 seconds. The same task takes 14 seconds for the same
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simulator if it uses an 8-10-1 FFANN instead of DP solutions on a random grid. As
Figure 3.5 from the previous section demonstrates, the approximation precision of an

8-10-1 FFANN is comparable to the average over 100 DP solutions on random grids
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500 0.4
0.2
] ]
4 3 2 -1 -14 -12 10 g B

a -3 b

- (2 « 10 - k)
40 40
20 20
o 1]

0.32 0.34 0.36 0.35 0.6 0.62 0.64 0.66

Figure 3.7: Estimated posterior densities: (a) aq, (b) aq, (¢) m1, (d) 72. The solid
lines for the algorithm using the exact DP solutions, the dashed for the algorithm
using the FFANN.
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Figure 3.8: Estimated posterior densities: (a) ay, (b) as. The solid lines - the
simulator using the exact DP solutions, the other lines - the simulators using DP
solutions on different random grids.

with 100 points. If the simulator uses averages of the DP solutions over several
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random grids the computing time will increase proportionally to the number of the
random grids used. Thus, the performance gains from using FFANNSs in this exam-
ple can reach 729 = (102 - 100/14) times. Similar estimation experiments in Section
1.5.2.7 of Chapter 1 suggest that averaging the posterior distributions estimated with
the DP solved on different random grids improves estimation precision. Nevertheless,
this posterior averaging strategy does not have a rigorous theoretical justification and
it is still considerably outperformed by a simulator using FFANNs.

In summary, the experiments suggest that application of ANNs in the MCMC
estimation of DDCMs is indeed a promising approach. It is fast and precise. It can
also provide a feasible way to estimate rich DDCMs with different forms of individ-

ual heterogeneity, e.g., serially correlated unobserved state variables and individual

specific parameters.
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